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Numerical calculations are presented for the eigenvalues of Laplace’s tidal equations governing
a thin layer of fluid on a rotating sphere, for a complete range of the parameter ¢ =4Q2R?/gh
(Q = rate of rotation, R = radius, g = gravity, £ = depth of fluid layer). The corresponding
eigenfunctions or ‘Hough functions’ are shown graphically for the lower modes of oscillation.
Negative values of ¢, which have application in problems involving forced motions, are also
considered.

The calculations reveal many asymptotic forms of the solution for various limiting values of e.
The corresponding analytical expressions are derived in the present paper.

Thus, as ¢ — 0 through positive values we have the well-known waves of the first and second class
respectively, which were found by Margules and Hough. These can be represented in terms of
spherical harmonics.

As ¢ — + oo there are three distinct asymptotic forms. In each of these the energy is concentrated
near the equator. In the first type, the kinetic energy is three times the potential energy. In the other
two types the kinetic and potential energies are equal. The waves of the second type are all
propagated towards the west. The waves of the third type are Kelvin waves propagated eastwards
along the equator. All three types are described in terms of Hermite polynomials.

As € — 0 through negative values there is only one asymptotic form of solution, representing
motions which are analytically continuous with Hough’s ‘waves of the second class’.

As € - — oo there are three different asymptotic forms, in each of which the energy tends to be
concentrated near the poles of rotation. In the first two types the energy is mainly kinetic and the
motionisin inertial circles. In the third type the energy is mainly potential. The modes tend to occur
in pairs of almost the same frequency, one being symmetric and the other antisymmetric about the
equator. The analytical forms of the solutions involve generalized Laguerre polynomials.
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512 M. S. LONGUET-HIGGINS

In the special case of zonal oscillations, the first two limiting forms as € -~ — 00 go over into a
different form in which the frequency tends to zero as € tends to a finite negative value. In this case
the third type does not occur.

The way in which the various asymptotic solutions are connected can be traced in figures 1 to 6
(¢ > 0) and figures 16 to 21 (¢ < 0). Accurate values of the eigenfrequencies, covering the range
—10* < ¢ < 10* are tabulated in tables 1 to 10. The eigenfunctions for the lower modes are
presented graphically.

1. INTRODUCTION

This paper is concerned with the exact calculation of Laplace’s tidal equations for a thin,
uniform layer of fluid on the surface of a rotating sphere.

‘The problem is of fundamental importance for both the ocean and atmosphere (Wilkes
1949; Siebert 1961), yet until quite recently the computational effort required for its solution
prevented a full numerical study. The solution depends upon a dimensionless parameter
¢ = 4Q2R?/gh involving the rate of rotation (), the radius of the globe R, the acceleration
of gravity g and the undisturbed depth of fluid 4. At the time that this investigation was
begun, only the limiting forms of the solutions as ¢ - 0 were adequately known. Thus
Margules (1893) and Hough (1898) both pointed out that for small values of ¢ the solutions
fall into two classes, namely the gravity waves (or waves of the first class) and the planetary
waves (or waves of the second class). These authors each computed some representative
values of the frequencies for both classes of waves, and Hough in particular derived some
asymptotic expressions valid for small e. On account of Hough’s classical work, the functions
describing the dependence of the pressure on the sine of the latitude have been called
‘Hough functions’.

The mechanics of the waves of the second class (also called planetary waves) were discussed
by Rossby (1939) whointroduced the so-called  f-plane’ approximation, in which the surface
of the sphere is locally approximated by a plane. Rattray (1964) and Rattray & Charnell
(1966) have used a similar approximation to investigate solutionsin the neighbourhood of the
equator. The presentauthor (1965) showed that for moderately large value of ¢ the solutions
over the sphere were approximated by spheroidal wave functions. Some further calculations
of the Hough functions for particular parameters corresponding to the Earth’s atmosphere
have been given by Haurwitz (1965). Here it may be mentioned that for the ordinary
barotropic waves in the ocean and atmosphere the appropriate value of ¢ lies between 10
and 100, which is certainly not small, while for the baroclinic, or internal, waves, the
appropriate value of ¢ is one or two orders of magnitude greater.

In certain special cases, for example the zonal solutions and those solutions having a
frequency equal to 202, the eigenfunctions are known to be expressible precisely in terms of
spheroidal wavefunctions (see, for example, Eckart 1960). These particular cases, however,
serve only to emphasize our ignorance of the form of the functions for general values of the
frequency and longitudinal wavenumber.

The present investigation, begun in 1963, had the object of computing the eigenfunctions
of Laplace’s tidal equations over the complete range of values of ¢. The main part of the
computations were carried out by the method described in § 5. This provides an approxi-
mation converging rapidly for small values of ¢. For large values of ¢ the method is still valid,
though convergence is slower. The computations show that for sufficiently large, positive
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THE EIGENFUNCTIONS OF LAPLACE’S TIDAL EQUATIONS 513

values of ¢ (that is, for high rates of rotation) the solutions are of three distinct types. In the
first type the eigenfrequency is proportional asymptotically to ¢~#, and in the other two types
it is proportional to ¢~%. The modes which for small ¢ are of the first class become of type 1 at
large values of ¢, with the exception of certain modes which are propagated eastwards
along the equator and have the form of Kelvin waves; these are of type 3. Again the modes
which for small ¢ are of the second ¢lass become of the type 2, with certain exceptions which
become of type 1. In all cases as ¢ tends to infinity the energy tends to become more con-
centrated near the equator.

Similar results, but not including the waves of type 3, have been found by Golitsyn &
Dikii (1966)T.

Analytical expressions for the asymptotic forms of the solution as ¢ = oo are derived in § 8.
One curious feature of the waves of type 1 is that their kinetic energy is equal to three
times their gravitational energy.

A further interesting discovery, also revealed by the computations, is the existence of
periodic solutions corresponding to negative values of the parameter ¢. These do not
represent free modes of oscillation (unless one admits the oscillations of unstably stratified
fluids). However, as Lindzen (1966) has pointed out, the eigenfunctions are useful in the
representation of the response of the fluid system to applied forces, whether gravitational
or thermal. An account of these solutions and of their asymptotic forms as ¢ —~—0 or ¢—+—o0
is given in §§ 10 to 13. It will appear that, as the rate of rotation is increased (¢——o0) the
energy of these motions becomes trapped near the poles of rotation. Moreover, the eastward-
going modes are found to exist only when ¢ exceeds a certain critical value, dependent on
the particular mode.

In §§6, 9, 10 and 12 the numerical results are presented in the form of graphs which will
give an idea of the form of the eigenfunctions for any particular value of ¢, and of tables
from which it is possible to extract the values of the eigenfrequencies. The conclusions are
summarized in § 14.

2. LAPLACE’s TIDAL EQUATIONS

Imagine a thin layer of fluid of depth % on the surface of a gravitating solid sphere of unit
radius, which rotates with angular velocity €. Let 0, ¢ represent the colatitude and longi-
tude; ¢ the time; u, v the eastward and northward components of velocity relative to the
surface of the sphere; { the vertical displacement of the free surface from equilibrium level;
and g the acceleration of gravity (assumed constant). Then Laplace’s tidal equations may

be written: ou 1 9
%——QchosﬁJr m%(g{;) =0, (2-1)
0, . d
a—t+2Qusm 19——5{9(g§) =0, (2-2)
a h [0 . A
%—]——m[%(_vslne)—l“%] ——-O. (2.3)

1 These results, with those described earlier were presented to the I.U.T.A.M. Symposium on Rotating
Fluid Systems at La Jolla in March 1966. For an account of the Symposium see the report by Bretherton,
Carrier & Longuet-Higgins (1966).

64-2
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514 M. S. LONGUET-HIGGINS

'The validity of these equations for the ocean and atmosphere has been discussed elsewhere
(for example, Hough 1898; Eckart 1960).

On multiplying equations (2-1), (2:2) and (2-3) by phu, phv and pg{ respectively and
adding we find

3 1 2 2 27 — 3 Bé’
S b0 02) +30g0%] = ph (w50 ) +pgt
—peh[ - o 3(«:>+ L] @
—r8 sin 0 3¢ Yo sng ap >t
Now integrating over the surface of the sphere we obtain
£ IT3oh(a2-+0%) 1 Jogl?]dS = o. (2:5)

Thus the sum of the expressions
1= [[3ph(u2-+0%) dS,|
L= [fipgc?ds, |
is a constant. /; and J, will be called the kinetic and potential energies respectively.
We shall generally seek periodic solutions proportional to ¢!¢¢~79, where s is a non-

negative integer and ¢ a constant non-zero frequency. Then in equations (2-1) to (2-3)
d/d4 is replaced by is and J/dt by —i¢. Solving the first two equations for « and v now gives

(2:6)

" 1 As 0 K ) ¢
— 2Q(A2—cos?0) (sin o V) 5>
: (2:7)
Do (f cotf— /1—3—) 4
~ 20(12 = cos?0) 20) 5°
where A= o[20), (2-8)
a non-dimensional frequency. On substituting for z and v in equation (2-3) we have
, Z(0) =, (2:9)
where .# denotes the linear operator
1 1 d s As d
~ Asind ?{9{/12—%0525(3%86 /131nl936)}+/12 00525(5111(9 COS@%)]’ (2:10)
and where ¢ = 4Q2/gh (2-11)

(sometimes called Lamb’s parameter). The problem then reduces to finding functions ¢,
finite and with continuous derivatives in 0 < § < 7, and also pairs of constants A and ¢ so as
to satisfy equation (2-9).

In order to illustrate the significance of the variables we have purposely chosen a simple
physical situation. However, as Taylor (1936) was the first to show, similar equations apply
also to the free motions of a more general system in which the fluid is both stratified and
compressible. In that case the variables u, v and { (or the pressure p) are functions also of the
vertical coordinate, and in place of ¢ one has more generally

¢ = 4Q2/gh’, (2:12)

where /' is an ‘equivalent depth’. Only in the case of barotropic motions does 4’ become
nearly equal to the depth £.
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THE EIGENFUNCTIONS OF LAPLACE’S TIDAL EQUATIONS 515

In the tollowing we shall be concerned with the solution of the above equations for the
functions «, v, { and the parameters ¢, A as a mathematical problem. As we shall see, there is
more than one method of approach, each of which has its advantages. We begin with the
method which is most powerful for the purpose of computation, and which yields most
conveniently the asymptotic solutions as ¢ — 0.

3. FIRST METHOD OF SOLUTION

Following Love (1913) we introduce functions ® and W, analogous to velocity potential
and stream function, such that

_ 1 9 ¥

~sinf dp b’
oo 1 ¥
‘éé"éi‘ﬁ“a??&

(3-1)

Lo
sind | g a0

1 o d
sind | " ag ab (”Smﬂ)] Ve,

then (v sin 0)] VIO,

(3-2)

where V2 denotes the horizontal Laplacian operator,

1 [0 (. 0 1 2
e _ - |2 L WS .
= 5o [aa (Sm b 90) Y 3¢2] : (3:3)
The two expressions in (3-2) represent respectively the horizontal divergence and the
vorticity.
Now let us operate on Laplace’s equations as follows. Taking

gl a@D 5 6in022) |

we find 2 V2012008 ) VIF -+ 2Qsin u+ gV = O, (3-4)
. 1 d d

and taking ey [-3—¢ (2-2) —2 (sinf(2- 1)):]

we find %V”P——QQ cos § V2O —2Qsin v = 0. (3-5)

Equation (2-3) can also be written
Aot +h V2D = 0. (3-6)

Substituting for « and v from equations (8-1) we obtain the following equations for ® and ¥

(3V2+2Q3¢)(I)—|—2Q(0050V2 inf 3)‘{"~—gv2§,
(gtV +2Q ¢)‘P‘ QQ(COS(9V2’—SIH0§9)(D N (3:7)
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516 M. S. LONGUET-HIGGINS

We seek solutions to these equations which shall be proportional to el¢#~79, where s is a
non-negative integer and ¢ denotes the radian frequency. For convenience let us write

7/2Q = A, cosl = u, (1—u2) % =D . (3-8)

and define the non-dimensional parameter ¢ by
¢ = 4Q2%/gh (3-9)

then equations (3:7) become

(AVZ—5) O+ (uV2+D) iV = — (ig/2Q) V4, (3-10)
(AV2—5) ¥+ (uV2+D) © = 0, (3-11)
where now VZ= d,u[(l U )(?,u Ti—zﬁ (3:12)
Equation (3-6) becomes i0f — hV20, (313)

On eliminating { from (3:10) and (3-13) we obtain

(Wz—pﬁ;iw) -+ (V2 D) iY = 0,

(3-14)
(AVZ—$)i¥V'+ (uV2+D) O = 0.!
Let ® and ¥ be expanded in series of spherical harmonics:
O — 3 A3 Py(p) cioh o,
" (315)
YW= 3 iB; Ps(u) eltd-o0,
Now we have V2P; = —n(n+1) P, (3-16)
and when n> 0
s NS H—l
M= gn i g o1 L
(3-17)

(1) (0+5) p, _n(n—s+1) p,
om +1 n—1 2n+1 n-+1y

DPs —

so that
(n—1) (n+41) (n+s)P (n—|—2) (n—s-+ I)P;fH- (3-18)

2 S
(uV*+D) P} = ont1 a=1"" 2n+1

Substituting the series (3-15) into equation (3-14) and equating coefficients of P; to zero
we have

[—n(n+l)/l— ”“ ]As
+[n(n+22)(++s+1)88+1+( “D D) g <o) (319)
[—na1)Ams) By = [MOFD et D) | oD 00 g ],

2n -+ 3
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that is to say K, 4&5+p, By 1+, B = 0:1 (3-20)
LnBi —pn+1Ai+l_9n+1Ai—l = O’J '
__ (D) () ) :

where bn= n(2n+1) °’ ="t 1) (2nt1) (3-21)
B $ _n(n—l—l)_ _ s .

K”w/lJrn(n—l—l) el L"_/H_n(n—l-l) (3-22)

and n=s, (s+1), (s4+2),.... The equations fall into two independent systems as follows. .
We have

K, p., O 0 ... A 0
g Ls+l ps+2 0 'B§+1 0
0 gy Koo Pors - A 1=10} (8-23)
0 0 Goo Los - B35 0
and L, pyy O 0o .. Bs 0
s Kv+l [’s+2 0 Agﬂ 0
0 qor Loy pors - Bl =10 (3-24)
0 A§+3 0

0 Tro  Kiis

The two systems correspond to motions which are respectively symmetric and anti-
symmetric about the equator. For the first system the motions are mirrored in the
equatorial plane, and there is no motion across the equator. In the second system the motion
at the equator is normal to the equator.

The matrix of the system (3-23) may be written

AM—G—(1/ed) d, (3-25)
where I denotes the unit matrix, J denotes the diagonal matrix
s(s+1) 0 0 0 0
0 0 0 0 0
0 0 (s+2)(s+3) 0 0
J= .
0 0 0 0 0 ? (3-26)
0 0 0 (s+4) (s+5)

of which every alternate diagonal element is zero, and G denotes the matrix

—s _(s—l—2)£25—|—1) 0
s(s+1) (s+1) (2543)
) 5.1 —s (s+3) (25+2)
C=8 (s+1)(25+1) (s+1)(s+2)  (s+2)(2s+5) ™ 1}, (3-27)
0 (s+1)2 s

(5+2) (25+3) (s+2) (5+3)
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518 M. S. LONGUET-HIGGINS

in which the only non-vanishing elements are on the three central diagonals. These are
given by
Coe 5
o (s4—1) (s+2)°
(i) (25+9) |
C;',Hl = (s+F2) (25+2i+1)° (3-28)
oo (s+i—1)2
LT (so4d) (25-F20—1)°

For the antisymmetric modes the matrix of the system is identical except that J must be
replaced by

0 0

0 0 0 0 0
0 (s-+1)(s+2) 0 0 0
g_lo 0 0 0 0 (3:29)
0 0 0 (s+3)(s+4) 0
0 0 0

It may be pointed out that the above system of equations is somewhat simpler than the
equivalent systems used by Hough (1898), Love (1913) or Dikii (1961, 1965).
Consider, for example, the system (3-23). In order that this shall have solutions, the
determinant of the system must vanish. That is to say we must have
[AI—C—(1/ed) J| = 0. (3:30)

The solution of this equation for A will give the frequencies of the normal modes.

4, ASYMPTOTIC FORMS OF THE SOLUTIONS AS ¢ —> 0

The nature of the solutions for small values of ed can beseen atonce. For then 1/¢disalarge
quantity and the equation reduces approximately to

The odd factors give
1 . .
. s 52 n(n+1) _

where n = s+17—1, an integer. For large ¢, we have

s g [HebD), ()

and so o= 2QA = J{n(n+1) gh}. (4-5)
These are the gravity waves, or waves of the first class. They are described very nearly by

1 It should be noted that when s = 0 the leading term of (3-27), which has the indeterminate form
0/0, must be set equal to zero.
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Y = 0. (4:6)

Higher terms in this approximation have been given by Hough (1898), Blinova (1960) and
Dikii (1961, 1966).
On the other hand, the even factors in (3-28) give

a single spherical harmonic: @ = A3 P3() citp-o0 }

S

A . ~ =0 .
+ (s+1—1) (s+2) = (47)
. s .
and so A T’ (4-8)
) 2Q2s
The solutions are described very nearly by
D =0, 1
(4:10)

W = iBs Ps(u) elst=oo,|

These are the solutions of the second class, or the planetary waves (Rossby waves). Their
frequency is proportional nearly to €, the fundamental rate of rotation. Higher terms in the
expansion of ¢ in powers of ¢ have been given by Hough (1898) and Dikii (1961, 1966).

5. METHOD OF COMPUTATION FOR GENERAL VALUES OF ¢

Let us return to the solution of equation (3-30) in the general case. (3-30) is an eigenvalue
equation, but not of the usual kind. For A occurs both as multiplying the matrix I and as
dividing J/e. We may proceed as follows. Define a new parameter

7 =1/ed, (6-1)
and let C+pJ =D, (5-2)

say. Then equation (3-30) becomes IAI—DJ| = o, (5°3)

which is an ordinary cigenvalue equation. Having found a sequence of eigenvalues A; one
may then determine the corresponding values of ¢ by the relation
¢; = 1/9A,. (5-4)
This gives us a sequence of pairs of values of ¢, A which may be sufficient for plotting 1 as a
(many-valued) function of e. Then, if we wish we may find A for any given value of ¢ by
interpolation and successive approximation.
It is convenient for the purpose of computation to replace the unsymmetrical determinant
C by a symmetric determinant as follows. Multiply the :th row by «; and the ith column by
a; ! wheret

o =1,
- (920,23;'9—_1»3')* (i > 2). (59)
NGy Gy Gy

t In the case s = 0, C,, vanishes so that the first row and column must be omitted from the symmetriza-
tion. The process can still be carried out on the remaining rows and columns. The first element in the
eigenvector can then be computed from the other elements.

65 VoL, 262, A.
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This will not affect the value of the determinant, or any of the diagonal elements. On the
other hand, the matrix G will be replaced by the matrix G* where

e ~1 (" 1 .
Ci = Ci,i+10‘i0‘i+1 = (Ci,i-i—l Ci+1,i)§ (5:6)

and similarly for C#% | ;. The other elements of G* vanish. Thus G* is symmetric.

In practice the matrix (AI—G*) must be truncated after a finite number of rows and
columns. Let this number be N. The calculation will then yield N eigenvalues (distinct or
otherwise). Successive approximations may be obtained by increasing N until a sufficient
number of eigenvalues have converged to the desired degree of approximation.

Among the eigenvalues for any particular value of y we may expect some to be positive
and some to be negative. Those eigenvalues A which are of the same sign as 7=1/ed, will
correspond to positive values of ¢, that is to say to positive depths /. These will be discussed
first. The eigenvalues corresponding to negative values of ¢ will be discussed in §§ 9 to 12.

6. THE EIGENVALUES FOR ¢ > 0

As a first step, the eigenvalues A were computed for the following values of 7:
po= 2k (k=24,23,..., —24). (6:1)

When || > 1 it was found that sufficient accuracy in the lower modes was obtained by
taking N = 30. To be more precise, when || > 1 the values five lowest positive symmetric
or of the five lowest positive antisymmetric modes when N = 30 differed from the corre-
sponding values when & = 20 by less than one part in 10°. When || < 1, similar accuracy
was obtained by taking N = 50, provided ¢ = 1/ was not less than 0-02. For negative
values of ¢, similar accuracy was obtained except for some instances in the waves of the
second class. In all cases the errors accepted were less than one part in 10%,

The eigenvalues found in this way have been tabulated in tables 2 and 3 (corresponding
to s =1 to 5) and table 1 (corresponding to s = 0). The entries in each case are believed
correct to the number of decimal places given.

The entries in tables 1 to 3, together with a few further values, are the basis of the
curves in figures 1 to 6. In these the eigenvalues have been plotted as a function of the

parameter y=¢t= /(gh)[2Q. (6-2)

Several features are at once apparent. The eigenfrequencies are in every case monotonic
functions of y. As y — o0 (e = 0) they approach the limiting values given by equations (4-4)
and (4-6). The corresponding values of (n—s) are shown against cach curve.

On the other hand as y — 0 (¢ —c0) we see that A always tends to zero like some negative
power of e. (The symbols v, " and v” correspond to the asymptotic forms derived in §8.) To
investigate the behaviour of the eigenfunctions in this part of the range of ¢ we must adopt
a different approach as follows.
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Ficure 1. Eigenfrequencies of free modes of oscillation when s = 0.
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Ficure 2. Eigenfrequencies of free modes of oscillation on the sphere when s = 1:
(a) modes travelling eastwards, (b) modes travelling westwards.
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=10 T T / T
O
i
10 T T T VT T T T b 3
o | i ]
- (V\\\\\iq I 7 n-s=0 ]
21 “ i ] n-s=1\ )
>~ E , 1 o :
O 15 ] 3 -
e . ]
48] U! 4 5 =
I"’ O 7 7 =
v . p—
-
§é - ~00I¥ .
zE : :
o9k i .
HIO 4 ]
»
Oz _ ]
=
T2 | ] / ]
oy
0-0l L 1 ) | 1 1 ) I L 1 L1111l -0-00I 1 1 oLt 1 1 11 1111 1 1 b B
ool [ol] 1 10 O-0l [e}] | 10
(a) (gh) [2Q )

Ficurer 4. Eigenfrequencies of free modes of oscillation on the sphere when s = 3:
(a) modes travelling eastwards, (4) modes travelling westwards.
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Ficure 5. Eigenfrequencies of free modes of oscillation on the sphere when s = 4:
(a) modes travelling eastwards, (b) modes travelling westwards.
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Ficure 6. Eigenfrequencies of free modes of oscillation on the sphere when s = 5:
(a) modes travelling eastwards, (b) modes travelling westwards.
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7. SECOND METHOD OF SOLUTION
In Laplace’s equations (§2) let us again seck periodic solutions proportional to e!¢?-o2,
taking as new dependent variables (cf. Margules 1893)
u* = usinf,
v =1ivsin 0, (7-1)
* = gl[2Q.
These equations then assume the simpler form

A — pv* —sC* = 0,

pu* —w* -+ DE* = 0, (7-2)
su* —Dov* —ed (1 —p?) {* = 0,
where we have written d
A=0/2Q, p=-cost, D= (1—u?) . (7-3)
dp
On eliminating #* from the last two of equations (7-2) by means of the first, we have the
simultaneous pair (AD-F5) OF — (X—2) ¥, [ -

(AD ) v = 52— e2(1 i)} £,

Hence as equations for v* and {* we obtain

1 %

[(ADJFW) {35‘;j{§(f;pf> (4D Sﬂ)}*— Wﬁﬁﬂ):l vk =0,
ID 1 2 /12 2 | - (7.5>

(AD—5) 1oy (D)~ (2 et2(1 ) [ ¢* = 0.

Taking account of the identity
(AD -+ sp) (AD —sp) = A(1—p2) (AVE—5) 52 (A%—u?) (7-6)
d d- 52
2 — = YA WG .
WhCI'C V2= dﬂ I:(l H ) d/»l:l l“‘“ﬂZ’ (7 7)
2 2eA’u 2 o) |

we have [(W —5)— SN2 (1— ) (AD —s) €A (A — )] v¥ =0, (7-8)
and [(/1\72+s) +z§-j‘? (AD - 51) -+e/1(/12~~,u2):l ¢ =0, (7-9)

Each of the equations has an apparent singularity where the expression in the denominator
vanishes; but on examination the singularities turn out to be removable.

These equations enable us to determine the asymptotic forms of the eigenfunctions as
A — 0 and as € ~--co.

8. ASYMPTOTIC FORMS OF THE SOLUTIONS AS € —> 00

First let us proceed heuristically. If in equation (7-8) ed is large, then the last term
eA (A2 —p?) v* will tend to predominate over the first two. However, in order to satisfy the
boundary conditions at both g = 4-1, the first term (AV?—ys) v* which contains the highest
derivative with respect to x, must be retained. To make this first term comparable with the
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last the scale of variation of # must be small. The change of scale will also make the first
group of terms large compared to the second, which involves only the derivative d/dg.
Hence we shall have a balance between the first and third groups of terms, that is to say

[(AV2—5) e (A2—2) ] o* = 0. (8:1)

The precise order of magnitude of the terms neglected in this equation will be determined
later.
Equation (8:1) may be written
(V24-A-—-ep?) v* = 0, (8-2)

where A == —s/A+er*. (8-3)

Equation (8-2) is the standard form of the spheroidal wave equation, which has been used
as a basis of approximation in a previous paper (Longuct-Higgins 1965).7

Now when el is large, equation (8-1) is most casily satisfied when (12—42) < 1. If A also is
small, then we expect 4? < 1, that is to say the solution is confined to the neighbourhood of
the equator. Now when g is small, we see from (7-7) that

V= d?/du?. (8+4)
This suggests the substitution N = e, (8-5)
by which equation (8-2) becomes
a form of Weber’s equation. In order for solutions to exist which are finite as 7 —--00 we
must have Alet = 2041 (v=0,1,2,...), (87)
and then v¥ oc e H (), (8-8)

H, being the Hermite polynomial of order v. The function v* is exponentially small beyond
n=-J(2r+1). (8-9)
Hence the solution is indeed confined to the neighbourhood of the equator (unless v is very

large).
The cigenvalues are found from equation (8-3). Eliminating 4 from (8-3) and (8-7) we

haVC —J‘//1+6/12 E=S (21}—{— l) 6%. (8.]‘0)

the turning-points

This gives us a cubic equation for A, namely
B—(2v41) et —5/c = 0. (8-11)
For large valucs of e it is casily verificd that the solutions of the cubic are given by
20+ 1)} s
N pFEDT s 812
¢t (4v-+2) e (8:12)
s
and )R S— 813
(2v4-1) et ( )
The lcading terms in these expansions arc proportional to ¢7# and to ¢~* respectively.
1 Equation (8-2) is also derived by Dikii (1966), who points out that the same cquation occurs in quantum
mechanics. From this point on Dikii follows a somewhat different line of argument.
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To verify the correctness of these expressions we may now return to the original equation
(7-8) and make the substitution (8-5) with either A == ¢"L or A = ¢*L, L being of order
unity. It can thus be shown that the differential equation (8-6) and the limiting forms (8-8)
to (8:13) are correct to the order stated, provided however that the denominator in (7-8) is
not small over a significant range of #. The exceptional casc occurs when A = s2and p < 1.
Hencein (8:13) the value v =: 0 must be excluded. (However, in (8:12) v = 0is permissible.)

To investigate the exceptional case we may try first the substitution

s iy 1
where ¢ 1s a constant to be determined. Then we have

s2—eA2(1—p2) = s?[)2—qe (1 —u2) |+ 0 (e 1). (8-15)

If now in equation (6-8) we substitute

7 =¢lu, (8-16)
where 7 is of order unity, then that cquation, after retaining only the terms of highest order,
reduces to

d? 27 (d
E) (L) e, 17
I:(d772 72— g \dy ny—n ( )
which may be rewritten in the form
d 1 (d
G ()] = s
(a7) o= (& (8-15)
. d
that is to say (a;—}“??) Z =0, (8:19)

1 (d
where Z = 7= ((T;}_ ) v*. (8-20)
The general solution of (8-19) is

Z =1 e‘%ﬂz, (8’21)
where 4 is an arbitrary constant. So on substitution in (8:20) we have
d b2
(37-7 —77) v¥ = AP —gq) e (8-22)
of which the general solution is
V¥ = Ac"“flfv (n2—q) c 7" dy+ B, (8-23)
0

The term in 72 ¢~ may be intcgrated by parts to give

v¥ = —dpe ¥+ Ak —q) C‘Wf” e " dp+ Bebr'. (8-24)
0
Ifv* is to be finitc at # = 400 we must have
g=13, B =o0. (8-25)

Taking 4 = —1 wc have then v* = potr (8-26)
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From (8-14) the eigenvalue A is given by

A= €%+ + 0( %) (8-27)

If instead of (6:14) we try the expansion

A=—F+ha5+0 (l) (8-28)

2

we find that no solution finite over the whole range of 7 exists.
To summarize, we have found three possible types of asymptotic forms for the eigenvalues
and eigenfunctions when ¢ is large. Their properties may be identified as follows.

Type 1
The elgenvalue A = ¢/2Q is given by
(2v+1)* s _ )
R i (v=0,1,2,...). (8-29)

When s > 0 the phase velocity ¢ = /s = 2QA/s is towards the east or the west according as
we take the positive or negative sign in the above equation. The northwards component of
velocity v is equal to —iv*/sin § and so from (8-8)

v~ —ieHPH, (p) eiCd=o (y=ctp). (8-30)

Making use of equations (7-2) and the recurrence relations for the Hermite polynomials ,
(see, for example, Morse & Feshbach 1953, p. 786) we have also |

1 :
b s O ) €6 (5:31)
1 .
~T ek 1 i(s¢p—0o .
and {*¥~F @ 1)%6%6 " (vH,_,—%H,.,) e?~7b, (8:32)

It will be shown later that the kinetic energy of these motions exceeds the potential energy
by a factor of 3.

Type 2
The eigenvalue A = ¢/2Q is given by
S
——— . (=1,2,...). :
(2V1+ 1) 6% (V 1’ bl ) (8 33)
(It is assumed that s > 0.) The zonal component of the phase velocity is given by
20 (gh)}
= /s = — — —_ .34
which is always towards the west. The northwards component of velocity is given by
v~ —ie VP H, () ei?oD  (g=clp) (8:35)
as in type 1, but from equations (7-2) and (8-33) we now find
2v'+1 1 o372 ( ______1___ ) 1(sp—at) .
u e H,_, 2V'—l—2H’"“ e (8-36)
2041 3 1, 1 (sb—o
and (i == tedn (H 1t g +2H,,+1) el(sp-0D), (8-37)

66 . VoL. 262. A.
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The kinetic energy in these motions is virtually all in the east-west component of velocity,
and is equal asymptotically to the potential energy (see §9).

Type 3
The eigenvalues A = /202 are given by
s S '
A~ S+ (8-38)
corresponding to a velocity ¢ = 200 /s~ 2Qet = (gh)} (8-39)

towards the east. The northwards component of velocity (after multiplying by —1) is

and the two other elements are given by
2 4 i i(sp—at)
U~ ;e‘e e - (8-41)

and £~ ?6% e~ b1? ellsp-o), (8-42)

From the value of the phase velocity, as well as from the proportionality of z and {*, it can
be seen that this solution represents a Kelvin wave travelling eastwards along the equator
and presumably trapped by the Coriolis forces to north and south. The energy is divided
almost equally between kinetic and potential.

¥From figures 1 to 6 we can now see that all of the above asymptotic forms are in fact
realized. The forms of type 1 are found for every value of s (including s = 0), and for
v=0,1,2,.... All those modes which for small values of ¢ are of the first class become for
large values of ¢ waves of type 1. Further, among the westwards modes, the mode which for
small ¢ is the lowest order mode of the second class also becomes for large ¢ a mode of type 1,
namely the mode with v = 0.

When we come to consider the modes of type 2, we find that they exist for all positive
integral values of »’; the case " = 0 is not found. All but one of the second-class modes
become modes of type 2, with the exception of the one which becomes of type 1.

Lastly, the lowest of the eastwards-travelling modes, which for small ¢ is of the first class,
becomes for large ¢ a Kelvin wave (type 8). It could be argued physically that the type 2
mode with »" = 0 cannot exist because if it did it would have the form of a Kelvin wave
travelling in the wrong direction, i.e. towards the west; whereas if a Kelvin wave is to be
trapped at the equator by Coriolis forces it clearly must travel towards the east.

All three types of limiting form can be derived by using the equatorial f-plane approxi-
mation introduced by Rattray (1964). In particular solutions of types 1 and 2, in which
voc e ¥ H, () can be shown to exist by this method. However, it is not so obvious why the
type 2 solutions with »" = 0 cannot occur*. Rattray also noted the existence, in his approxi-
mation, of a class of Kelvin waves in which » = 0 identically. In our approximation v is
small but not zero.

* Note added in proof, 10 October 1967. The author’s attention has been drawn to a recent paper by Matsuno
(1966) in which the equatorial f-plane approximation is successfully applied. In particular, the case v’ = 0
is fully discussed.
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What is the significance of the integers v and v’ ? We have seen that v is equal to the degree
of the polynomial H,(5). Hence v or v’ represents the number of nodal lines of v in the open
interval —1 < x < 1 for large values of e.

Generally we may define the ‘signature’ X of any particular mode, at a given value of e,
as the number of nodal lines of v in the open interval —1 < x < 1. Thus for large values of
e we have X =vorv'.

Consider the behaviour of £ as ¢ - 0. From the relation

v 1 W
=@ sn0 3
and the two asymptotic forms (4:6) and (4:10) it follows that for waves of the first class v is
asymptotically proportional to dPs/du and for waves of the second class it is proportional to
Pi(u). But Ps always has (n—s) zeros in the open interval —1 < u <1, and generally
dPs/du has (n—s4-1) zeros (by Rolle’s theorem); except that when s == 0, dP;5/dx has only
(n—1) zeros. Hence for waves of the first class

[(n=st1) (521),)
ln=1) =0,
as ¢ — 0, and for waves of the second class

2~ (n—ys).

S~

From figures 1 to 6 it will be seen that in the case of the westwards travelling waves, whether
of the first or the second class, the signature is the same at the end of each curve. On the
other hand, for the eastwards travelling modes (when s > 0) the signature generally changes;
the curves corresponding to v = 0,1, 2, ... at small values ofethave (n—s-+1) =1,2,3, ...
respectively at large values of 3. Thus there is at least one change of signature in the range
of the parameter .

In the exceptional case, the lowest symmetric mode, which has signature (n—s+1) =1
as e~* - 00, becomes the Kelvin wave, also with signature 1, as e=* — 0.

9. THE EIGENFUNCTIONS FOR POSITIVE €

Before the eigenfunctions arc presented one must determine a suitable method of
normalization. If one werc considering only the surface elevation { or the corresponding
pressure fluctuation it might be appropriate to normalize so as to make the integral of {2
over —1 < u < 1 cqual to a constant, say unity. This would be equivalent to assuming the
total potential energy over the sphere to be a constant. However, we wish to include also the
two components of velocity « and v. In some limiting forms the kinetic encrgy may greatly
exceed the potential energy. We shall therefore normalize so as to make the total energy,
kinetic plus potential, cqual to a constant. Thus we assume

[ITdph(u?+v%) + 3pg?] dS = 4n L, (9-1)

where E denotes the mean energy density per unit arca of the sphere.
Now the two quantities ¢, and {, defined by

9o = (8E[ph)t,  { = (8E[pg)* (9-2)
66-2


http://rsta.royalsocietypublishing.org/

JA
' \
AL 1

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

/%
o |

AL A

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

530 M. S. LONGUET-HIGGINS
are typical units of velocity and of vertical displacement. Hence we may form the non-
dimensional variables W=ulgy v =0lgy C = (9-3)
In terms of these the total energy (9-1) becomes

dnll = 4E[[ (w2402 {'?) dS. (9-4)

In other words (u'2+v'2) and {'? represent the relative contributions to the densities of
kinetic and potential energy, and moreover

Jf@?40v240%)dS = 7. (9-5)
In the following we shall display the dependence of ', v', {’ on the colatitude @ by letting
W= Uelts=od o = Peibb=o0, ' — Zeibh-0D, (9-6)

and plotting the three functions U, V, Z against ¢ between 0 and 7. The total energy is
independent of the time ¢, so that on taking mean values with respect to ¢ in equation
(9-5) we have

U2+ V2+2Z%)dS = 7. (9-7)
The integrand is also independent of ¢, and since
dS~ dudg~ sinddd dg, (9-8)
we have from equation (9-7)
fl (D472 20 du =1, (9-9)
or equivalently f 0” (U2 V24 Z%) sin0d0 = 1. (9-10)

Now u,v and { are given in terms of ® and ¥ by equations (3:1) and (3-13). Hence an
expression for the total energy equivalent to (9-1) is

[I13pg(h?]0?) (V2D)2—Lph(D V2D 4 ¥ V2V)] dS = 4nE. (9-11)

(Green’s theorem has been used in the derivation of the second term.) On expressing ® and
W in terms of the series (3-15) we obtain

o e min+1)? 2 s ] 1 (nts)! )
zﬂph’gs — A +n(n+1) (45°+ByY) S g e Y 4nk, (9-12)
or from (9-2)
o [nP(n+1)% s pey |1 (nts)!
3 | A1) (454 By )] e T (9-13)

For the purpose of calculation ¢, the unit of velocity, was taken equal to unity and the
eigenvectors were normalized by means of equation (9-13), with ¢, = 1.
The three quantities , v, { are given in terms of the calculated functions U, V, Z by the

relations 4 — g, Ueitson,

v = g, Weits-aD, (9-14)
{ = go(h[g)t Zeret=ov,


http://rsta.royalsocietypublishing.org/

0
'am \

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Y |

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

THE EIGENFUNCTIONS OF LAPLACE’S TIDAL EQUATIONS 531

where g, is an arbitrary velocity. The mean energy density E over the surface of the sphere
is given by ‘
E ~ yphgp. (9-15)

Some calculated eigenfunctions U, V and Z are shown in figure 7 for s =0, and in
figures 8 to 10 for s = 1 and figures 11 to 13 for s = 2. Each mode has been calculated at four
different values of ¢, namelyt ¢ = 1, 10, 102 and 107, so that the behaviour of each mode as
¢ varies can be followed. As ¢ increases, the concentration of the energy towards the equator
(6 = 90°) is apparent. It can be seen also that in the eastwards modes (figures 8 and 11) the
number of zeros of V remains invariant, whereas in the westwards modes of the first class
(figures 9 and 12) an extra zero appears as ¢ increases. In the westwards modes of the second
class (figures 10 and 13) the number of zeros of V also remains invariant.

The development of the Kelvin wave as ¢ increases can be seen in the lowest mode
(n—s) = 0 in figures 8 and 11. In each case the northwards component of velocity V' is
becoming small compared with the eastwards component U.

The eigenfunctions were calculated at intervals of 1° from # = 0° to 0§ = 90°. The
numerical results were checked in three ways.

(1) The substitution

* (] — 42)5/2h

=gy o
reduces equation (7-4) to the canonical form

X __ L—p

due T AA =@+ 917)

dY _ s2—ed?(1 —,uQX
d/t - ,{(1__#2)1—3/)L :

By computing X and Y it was verified that the zeros of X were in fact among the turning-
points of Y, and vice versa.

(2) The integral (9-10) was calculated by Simpson’s rule, verifying the correct value to
one part in 10°.

(8) Convergence of the individual values of the function to at least four figures, and
usually to 8, was verified by comparing the results for N = 20 with those for N = 30, or
those for N = 40 with those for N = 50.

For each mode the ratio of the kinetic energy to the total energy was also calculated, and
the results are shown in figure 14 (for s = 0) and figure 15 (for s = 1, 2). At small values of
¢ (large values of ,/(gh) [2Q) the ratio k.e./(k.e.+p.e.) tends to 0-5 for waves of the first class
and 1-0 for waves of the second class. However, at large values of ¢ (small values of \/(gk) /202)
the ratio tends to 0-75 for waves of type 1 and 0-5 for waves of types 2 and 3.

These results can be verified analytically as follows. Since from § 8 the energy is evidently
concentrated near the equator the integral in (9-1) becomes

[1T3ph(u?+v?) + §pgl?] e dp dg. (9-18)

+ The corresponding values of A were found by interpolation; see table 5. These have been checked by
solving numerically for the corresponding values of 7. They are correct to the number of places given.
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On replacing each term by its mean value with respect to time and noting that g{? = eA{*?

we obtain w
%ﬂpk&‘%f [u?] 4+ |v?| +-€|E*2|] dy. (9-19)

On substituting from equations (8:30) to (8-32) and evaluating each term separately, using
the identity

fw P H (1) H (7) d (2vin (v’:V),l (9-20)
¢ o7 v \7 = ’ )
- lo =+,
we find fw |u?| dy = -1l
| 1y = o, (9-21)
fw e|*2| dy = 2! 7t

‘Thus we see that in waves of type 1 the kinetic energy in the ecastwards component, the
kinetic energy in the northwards component and the potential energy are in the ratios
1:2:1. The ratio of the total kinetic energy to the potential energy is therefore 3:1.

In waves of type 2 we have from equations (8-35) to (8:37)

P (@13 ),

f_m|u |d77 (V'+1)52 e=m=,
f |v?| dy = 2V, (9-22)

® %2 . Qv'—{—l)32”'“3(v'——l)! 13

J‘_‘wglé’ |d77~ (V,+I)S2 67’:

so that the kinetic energy in the northwards component is relatively small. The total kinetic
energy is almost equal to the potential energy, and each is about half the total energy.
In waves of type 3, since 7 = $H), we have from equations (8-40) to (8-42)

f |u?| dy = ?%6%71%,

f " el dy = 3, (9-23)

f ¢|{*2| dy = %egﬂ%.

Hence the energy in the northwards component is very much smaller than that in the
eastwards component, and the kinetic energy is half the total energy as in type 2.

[ Note added 6 February 1967)]

I am indebted to one of the referees for the following interpretation of these results. It is
well known that in a non-rotating system the kinetic energy of a free oscillation about
absolute equilibrium must be equal to the potential energy. The generalization to a rotating
system (see, for example, Lamb 1932, p. 815) is that

k.e.+-QM’' = p.e., (9-24)
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where k.c. and p.c. are the kinctic and potential encrgies as defined in § 2 (by the definition
of g, the quantity p.e. includes also the potential encrgy of rotation) and where M’ is given by

M’ = Zm(&j—&n). (9-25)

Here m denotes the mass of each particle; £ and # are the displacements referred to rect-
angular axes perpendicular to the rotation axis, and the summation X is over all the
particles. The term QM’ in (9-24) can be interpreted as the perturbation of the kinetic
energy of rotation. Let us evaluate this quantity.

T TT
|.o T T T 7T rITT T T T T T TTT T T T T

L (14) i
- s=0 ]
g5 075 < e .
— | -
[}
c -
'S} -
gt A
= —
'E \_‘ |
=4 05 - e
n-s=5
b —
0-25 1 Lol L 111 1 b 111
O-Ol e3] 'O 10
V(gh) |2

Frcure 14. The ratio of kinctic encrgy to total energy when s = 0.

Since the expression (£7—£&p) is invariant with respect to orientation of the axes in the
equatorial plane we may take £ locally eastwards, and then 7 is directed towards the axis

of rotation. To first order we have
E=u, 17 ==vcosl (9-26)

so that to second order M’ may be written
M’ = [[ph|vfudt-—ufvdt]cosOdS. (9-27)

From this expression it can be scen that A" will tend to be negative whenever eastward
motions go with polewards displacements and westwards motions go with equatorial
displacements. This will then allow the kinetic energy to exceed the potential energy.

Taking mean values with respect to time in (9-27) and integrating with respect to the
longitudc ¢ we have Lk
M’ =: 2nph :%f_l »-i-(~)_-~,ud/4, (9-28)
where Zdenotes the real partand an asterisk denotes the complex conjugate. On substitution
in this formula {from equations (8-29) to (8-32) we find, for the waves of type 1,

, -
QM :--lin%%zv!. (9-29)
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Ficure 15. The ratio of kinetic energy to total energy when s = 1 and 2.
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This is equal to —2 times the kinetic energy in the eastwards component of motion. The
relation (9-24) is thus verified.

However, in the waves of types 2 and 3, the north-south displacements are relatively
small. Hence QM is negligible compared to the total kinetic energy, and so the kinetic and
potential energies must be equal.

10. THE EIGENVALUES FOR NEGATIVE €

The method of computation described in §5 revealed also the existence of eigenvalues
corresponding to negative values of ¢. These eigenvalues and the corresponding modes are
undoubtedly necessary for the complete expansion of any arbitrary function in terms of the
eigenfunctions of the Laplace equations. Moreover, as we shall see in § 13, they can corre-
spond physically to jorced motions in a stably stratified fluid.

Leaving aside until § 13 the application to forced oscillations, we shall find it convenient
to consider for the present the eigenfunctions as representing free oscillations in an unstably
stratified fluid, or in a fluid with negative depth /. Thus we shall think of these oscillations
as taking place in a thin fluid layer of thickness —% on the inside of a rotating spherical shell
in the presence of a gravitational acceleration towards the centre.

It may be noted that for free oscillations the energy equation (2-5) remains valid even
when % is negative. Thus 1, + I, remains a constant independent of time. On the other hand,
I, and I, as defined by (2+6) should now be interpreted as minus the kinetic energy and minus
the potential energy respectively. These two are of opposite sign. Thus the kinetic energy is
positive and the potential energy is negative.

The eigenvalues of the lowest modes are given in tables 3 and 4 and shown graphically in
figures 16 to 21. Typical curves can be seen in figure 17, which corresponds to s = 1. All the
eigenvalues are less than unity in absolute value, so that the periods are all greater than 12 h.
Those eigenvalues corresponding to westward travelling modes (figure 175) tend to finite
values as ¢ ——0, which are in fact the same limiting values as in figure 25, when ¢ —0.
However as —e¢ increases the eigenvalues come together in pairs and when ¢ —~—oo0 the
eigenvalues all tend to —1.

Figure 17a shows that the eastwards travelling modes likewise have a limiting value of
—1, but that there is a minimum value of —¢ for which any given mode can exist. The
eigenvalues run together very closely in pairs, and there is apparently another asymptote
given by el = —s.

These new limiting cases will now be investigated.

11. ASYMPTOTIC FORMS OF THE SOLUTIONS AS € —> — 0O
The equation for v*, namely equation (6-8), after division by A becomes
2eA2u
(V25— iy (D=5 (2 —2) | o = 0. (111)

We consider the case when ¢ is large and negative. Suppose first that A = —1. From (11-1)
it appears that (12—g?) must be small, hence (1—g?) is small and so the energy is con-
centrated near the poles. Consider the neighbourhood of the north pole, by writing

w=(—6)t, (11-2)
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i m =109 |75 4|3 2 I 7
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V(—8h)[2Q
Ficure 16. Eigenfrequencies of modes corresponding to negative values of ¢, when s = 0.

ool -
0001 1 L 1 ' | 1 I ' -0-00I1 Il L | | L 1 | B . ' 1 1 Lot it
o-0l 1 10 ool ol ]
(a) V(—gh)[2Q (6)

Ficure 17. Eigenfrequencies of modes corresponding to negative values of ¢, when s = 1:
(a) modes travelling eastwards, (b)) modes travelling westwards.
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Ficure 18. Eigenfrequencies of modes corresponding to negative values of ¢, when s = 2:
(a) modes travelling eastwards, () modes travelling westwards.
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Ficure 19. Eigenfrequencies of modes corresponding to negative values of ¢, when s = 3:
(a) modes travelling eastwards, (b) modes travelling westwards.
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Ficure 21. Eigenfrequencies of modes corresponding to negative values of ¢, when s = 5:

(a) modes travelling eastwards, (b)) modes travelling westwards.
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 being of order unity, and assume also that
__ @ :
A= I+ )%4—0 (11-3)
where @ is a constant to be determined. The last term in (11-1) is then approximately

(—e)* (2Q —w?) v* which is of the appropriate order to balance the first term. Substituting in
(11-1) and neglecting quantities of order (—¢)~* we obtain

d2 1d s*—2s
T Al S
The substitution X = P (115)
reduces this to Whittaker’s equation
1 k 4m?—1
e (oo, o
where k=10Q, 4m?—1 = 5s2—2s. (11-7)

If m be assumed positive the last relation gives
2m = |s—1]|. (11-8)
The only solutions of (11-6) which are finite at both x = 0 and x = c0 are given by
v¥ o e b ymtd [2m(x)] (11-9)

where L(x) denotes the generalized Laguerre polynomial

L) =3 (V+d) =, (11-10)

oo \v—m)  m!
and v is a non-negative integer related to £ and m by
mti—k=—v (¥=0,1,2,3,...) (11-11)

(see, for example, Erdelyi 1953, ch. 8). This last reldtion, with (11-7) implies that

Q = 2k =2m+2v+1=2|s—1|4+(2v+1). (11-12)

So from (11:3) we have A:_H,_..L,W_IL":.(EC“) (11-13)
(—e) ’

and from (11-9), v oc e~ Rl 11 LJs=11(4)2), o (11-14)

At the south pole the solutions are exactly similar except that now w = (—e¢)* (1—0). The
two halves of the solution are independent because at the equator they are both exponenti-
ally small.

This then is the explanation of the coalescence of the eigenvalues in pairs as —e increases:
each pair of eigenvalues represents two related solutions, one of which is symmetric and the
other antisymmetric about the equator. For large values of —¢ the only difference between

69-2
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the solutions is that in the symmetric mode the motion near the south pole is in phase with
that near the north pole, and in the antisymmetric mode the motions are in antiphase. The
frequencies are naturally almost equal.

Consider now the eastward-going waves. In the limiting case when A = 1 we may write

A=1—8 +o(}). (11-15)

(=i e

Proceeding as before we find that the analysis is identical except that s is replaced by —s.
So replacing s by —sin (11-12) we have for all values of s > 0

2542043
(—e)t
Finally consider the asymptotic form of the east-going modes in the other limiting case,
namely when —ed = 5. Assuming now that

=1 (11-16)

_ Sy 205 (] :
s o), o
and with & = (—¢)*§ as before, we find that equation (11-1) becomes
d2 1d s* - _
This can be written in the form
a2 1d s2—1 o
L B +2Q] (o) = 0, (11-19)

which is identical with equation (11-4) except that (s+1) replaces s and wv* replaces v*.
Accordingly we can write down the solution at once. Corresponding to (11:12) we have

Q = 2s+2wF1, (11-20)

and so from (11-17) A= :S—é#”:rfz);ﬁ. (11-21)
Corresponding to (11:14) we have

wv¥ oc e" 3L (?), (11-22)

and so v¥ oc e ¥ L3 (0?). (11-23)

The asymptotic expressions for A given by (11-16) and (11-21) are found to agree well with
the computed values in figures 17 to 21. The appropriate value of » has been assigned to
each curve.

We see now that at both ends of the range of 1 the energy is confined to the neighbourhood
of the poles, so that the curves come together in pairs at each end of the range.

To summarize, we have found three new asymptotic forms of solution as ¢ —>—o0. These
we shall denote by types 4 to 6 respectively.


http://rsta.royalsocietypublishing.org/

A A

|

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

A \
¥ A

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

THE EIGENFUNCTIONS OF LAPLACE’S TIDAL EQUATIONS 555
Type 4
When s > 1 the eigenvalues, from (11-13), are given by
25420 —1
A= — 1 2270 (= +9
+ 2R (=012, (11-24)
and v*, from (11-14) is given by
v* = e~ B L~V (w?) elld=D (0= (—¢)t0). (11-25)
From equation (7-1) we have
v = —i(—e)t eI~ D(w2) elbd=on, (11-26)
From (7-4) L n1d
1 (245 % .
o (—~e)*(wdw a)"’)v ’ (11-27)
where v* is given by (11-25). From (7-2) we have «* = —iv* and so
u = —(—e)te 2y -1LE-D(p2) eltd-oh, (11-28)

Hence the motion takes place in inertial circles. From the expression for the total energy:t
—iphf[l1u?|+[0?| +¢(C*2|]dS, (11-29)

and equations (11-26) to (11-28) itis clear that the potential energy is small compared to the
kinetic energy. Counting the energy in both hemispheres, the above expression becomes

mph f:[|u2|+|v2|]ﬁd0= 2mph f:e—«ﬂwzx—l[L;s—1>(w2)]2dw

nph

T =D [(p+s—1)] (11-30)
where we have used the result that
® 1
—X4C c 2 — S .
fl e~ [Ls(x)]?dx = TR (11-31)

When s = 0 the motion is identical with that in type 5 (except for the immaterial change
in sign of A).

Type 5
When s > 0 we have from (11-16)
A1 BEZES o _01,9,3,..) (11-32)
(—e)
and p* = e hoiyst 2L ST (2) elep=oD, (11-33)
Hence we have v = _i(_€)ie——%w2wx+lL5}s+l)(w2) elsp—ot), (11-34)

t Both % and ¢ are taken to be negative by convention. The kinetic energy is positive, the potential
energy negative.
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From (7-4)
’ 1 /ad s\,
LI S (el ) IPT. 11-35
o= o) (11-39)
and from (7-2) u* == 1v* and so
U == (__ (;)1; C~--»},m3wx !~l]ll(}s+l)<0)2) eilsp-o, <1136

So the motion is in inertial circles. The energy is again almost totally kinctic and is
given by
mphv! (s-+1) 1 (11-37)

The above formulace remain valid when s = 0.

Type 6

From (11-21) and (11-23) we have when s > 1

s 4; --4p--2

Ao =t (o (v—-0,1,2,3,...) (11-38)
and V¥ = ¢ L9 (?) ellspod), (11-39)
Hence v = —1( €)% ¢THW2LL) (2) 108 0D, (11-40)
From (7-4) and (11-38) we now have (¥ == —p*/s, that is
0¥ = — LWL (u?) e, (11-41)
From the sccond of equations (7-2) we sce that u* = — D{* and so
u = (_e)}'%%, (11-42)

wherce {* is given by (11-41). Hence the potential encrgy in this case greatly exceeds the
kinctic energy. It is given by

“i‘/’/lffﬁlg*zl dS - 77,0}1 fw (_C)} :2 C'-m'l(,)Zc-l'l[L‘(}:)((UQ)]Q dw
0 .

Gl .
S 2swls [(vs) ]2 (11-43)
Type 7
When s == 0 we see [rom figure 16 that a still further limiting form ariscs, in which A -> 0
for finite values of —e. Now when s = 0 cquation (11-1) becomes

[Vz—% 2u -:liﬂ (A2 ——/tz)] vE =0, (11-44)
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that 1 d? ‘

atls (=) g eti=) o = 0. (11-45)
When A — 0 this becomes qz f
[(1~ﬂ,2) {iﬁ2_6'u2:| v* = 0. ~(11-46)

The limiting values of ¢ in figure 16 are accordingly the eigenvalues of this apparently simple
equation. These limiting values, as determined by the present calculation, are shown below
in table 10. The eigenvalues occur in pairs, each pair corresponding to one symmetric and
one antisymmetric mode. The mth eigenvalue ¢ appears to increase in magnitude with m
roughly like m?.

12. THE EIGENFUNCTIONS FOR NEGATIVE ¢

We have seen that when ¢ is negative the integrals /; and I, are of opposite sign. Thus the
quantity E, defined by (9-1), may actually vanish. For the purpose of normalizing the
eigenfunctions we therefore define the quantity £ by

L]+ || = 4nE. (2

Generally E’ is not independent of the time, so we take its mean value £’ and define the
scales of velocity and surface elevation by

g0 = |8E'[ph|}, = 8E'[pg|*. (12-2)
Thenw', v, ¢’ and U, V, Z may be defined as in (9-3) and (9-6) respectively. This ensures that

f‘ (2472422 du = 1 (12:3)
as before. l

In figures 22 to 28 are shown the eigenfunctions Z, U and V, calculated at fixed values of
the frequency o, that is to say at fixed values of 1. This method of display has been chosen
since the eigenfunctions are most likely to be required in solving a problem of forced motion,
where the frequency is fixed rather than ¢ (see §13). For the corresponding values of ¢, see
table 9.

Typical examples of the westwards mode (A < 0) are shown in figures 25 and 28. It can
be seen that as A approaches —1 (for example when A = 0-9) the energy tends to become
concentrated near the pole, and that there is a vanishingly small disturbance near the
equator, as was expected from the asymptotic formulae for waves of type 4.

Examples of the eastwards modes are shown in figures 23, 24, 26 and 27. In order to keep
the diagrams clear these have been divided into two groups, corresponding to 1 >4 > 0-1
and 0-1 > A = 0-01 respectively. Thus in figures 23 and 26 (1 > A > 0-1) one can see that
as A approaches -1 the energy becomes concentrated near the poles as in the asymptotic
type 5, and in figures 24 and 25 one can see the same phenomenon as A approaches 0
(asymptotic type 6). However, even at intermediate values of 4, say A = 0-1 in figures 23
and 26, the motion near the equator is always weak. There is very little difference between,
say, the two lowest modes, except that one is symmetric and the other antisymmetric with
respect to the equator. '


http://rsta.royalsocietypublishing.org/

Downloaded from rsta.royalsocietypublishing.org

. S. LONGUET-HIGGINS

558

o - 2- 1 o) - z— 4 1 ) - z-
o6 T T T T T T Tl LI S S B A B B BN (T S N A N A N A A LN I R T S 673 N LA A A A A B
O9-1 09 09—
1 Z Q=4

L€+ oe—

— w.o -

S0 1-0
-0 S0.0
| 6-0=Y N
6-0=Y

1. O Fo N T N T T Y [ B R, I T B T byl N O T K O DO SO IO |

9 [

o) = z- 1 o) - z- 2 1- 2-
oS T T TT] T T T T [ T T T Igsh T T T T [ T T T T[T T T | R B S B R
09 9

11 Z 0=4a
O OE—
=10 /e N 10 .
$0 Jo S%/0

- 6:0=Y | 6:0=Y
1 O T T Ly by 1 O I N N T S O [ T T T N T O )

0 [’}

0=S

ALIIDOS
TVAOY dH L 1vDIHdOSOTIHd

40 FONFID [ T

SNOILOVSNVAL o y ALTIIOOS 1o

TR0 AL S


http://rsta.royalsocietypublishing.org/

Downloaded from rsta.royalsocietypublishing.org

THE EIGENFUNCTIONS OF LAPLACE’S TIDAL EQUATIONS

559

*SOPOWI JS9MO] INOJ YT, 'O = § UM ‘9 JO sonyeA o>uwmoa 0y Surpuodsarioo 4 pue /) ‘7 SUONDUNJUISTY “gg AANDIY

A.

VoL. 262.

09

70

%@\ﬂ ALIIDOS S \/  ALIIDOS ¢ oisvsnvar

TR0 AL e s , V TVAOU TH1 Wonibaosonta


http://rsta.royalsocietypublishing.org/

Downloaded from rsta.royalsocietypublishing.org

M. S. LONGUET-HIGGINS

560

1 T T 1 4 ! o = z-
T 17 »."oOoH»_,.__Mwhﬂ
I
7
/
|
ooA.Tf
Ve
A Z | 0=
[Re) -
ey
O€—
Sl
L-O
,o.ou<
| S T N TN U T T T - - S N S M A R BRI
2]
4 1
T T T T T < ! 2 = =
e e T
09
A Z 0=t
6-0=Y
AT S S N B I S N N N B O LR R R R
[é}
T =5 > 2 ‘sapot pIemises
S3ON3IDS 40 S3ION3IDS 40
ONIYIINIONT B >.|,—lm~uom mzo-.—.u<mz<~—.—- UZ_w_mm._—“_UU_M_MIM >HMHUOW mzo—.—-u<mz<~—.—-

VLYWL I TVAOY 9H L 1vDIHIOSOTIHd VILYWIHIY I TVAOY TH L 1vDIHAOSOTIHd


http://rsta.royalsocietypublishing.org/

561

1.0 € Y < [ UD(M SOPOUI SPIBMISE *T = § UdYM 9 JO Sonea aanesau 01 Surpuodsaiiod suONOUNJUASIY ‘gg TUNOI]

O 1- <- c i [¢] I= Z-

[4 1 [e] . 1= - [4
T

i
T T T T T T Joe T T T [ T T T T ] L T R S

T
K T S T S B B BN A N S S S B 177 S L B B

1-0=Y

O o1 ororovo v |

)

Downloaded from rsta.royalsocietypublishing.org

THE EIGENFUNCTIONS OF LAPLACE’S TIDAL EQUATIONS

[4 !
T T T T T T T les T T T T [ T T T 1]

L)
o9
z b=
10

50
o
L0
6-0=Y

oml
T

=g
____/N_//Wllw.yoo_"_ﬁﬂ_p_,_

o) |- c-
6

8

X7 ALIIDOS 1o “ 7 ALIIDOS 1o
/<\g<>om L o , Y TR BILLIL S

10-2


http://rsta.royalsocietypublishing.org/

Downloaded from rsta.royalsocietypublishing.org

S3DN3IDS
ONIY3IINIONT B
TVDISAHd
“IVDLLVWIHLY W

uO muquUm uO
ALIIOOS SNOILDVSNVIL uz_ﬁﬂa%%:m ALITOOS SNOILDVSNVIL

TVAOY dH.L 1IvDIHdOSO1IHd “WLLYWIHLY I TVAOY IH.L 1vDIHAOSOT1IHd

g- | e} I~ z- 4 1 [e] - —
»h__NN_NhoOoa‘,*“,_, _,Mh___w__oOaM_N_,.kh" T._h____.H_boOo_h,__ﬂ ,w
09— uo@L/ 09
/
A §e! 7] jso-o YA 1 0=d
. ot 20-0 —oe
Z 10-0=Y
m s00=y —
200
T_.— T N S R BN B T B R Loy 0 | T SO T N N B AR S N VS RN R N T MO O R s = Y NN N R O O e
6
5
@) z | o - z- z ! o - z- z |
o - z-
ANU L B B B B ¥ s B s B s B B L s S N =T s B s s B S Sy s O B B << N B B B T
bt - |
W _ |/
M 09—
A n 7 | s00 Q=a
os 200
o
100=Y,
I S T O W A RO L1 | __%oo____g_“m__. | I I
o (ruos) 1 = s ‘g > 2 ‘sopow pIEMISED
Nl
1


http://rsta.royalsocietypublishing.org/

Downloaded from rsta.royalsocietypublishing.org

563

THE EIGENFUNCTIONS OF LAPLACE’S TIDAL EQUATIONS

“10-0 € ¥ < [-0 USUM SOPOWI SPIEMISEY ‘[ = § UIYM 9 JO SInfea 2aNeSoU 0 Surpuodsa110d SUOTIOUNJUISTY ‘g TANDL]

20-0

10-0=y

o8l T T

SO0

[{e}e]

10-0=Y

OF

Y TVAOY dH L 1vDIHdOSOTIHd

\/

TVAOY IH.L 1vDIHAOSOT1IHd

— - o - e~ z I o - z—
_imi,.ﬁiq«“w N_ﬁ___w__. oo T T T [ T T T T ] S U O I Y N Y- A R L B i
09 09+
500
200 1
1l 100 z i 500 b=d
. 00
©f 10-0=y
i | | | Lo b T S BN N N B mooﬂﬁﬂ_k_
- - o - z- 4 ] o - 2
w_._w ._q.#__;__ﬁ__oo&H T T T At S B S N T A A R T
oo
n J 4 b=
B 500
| \20-0
10-0=Y
S .
/
) : [ i , i ! ] A R S N S B O ooy ] |
o 6
40 FONaID 0
ALIIO0S SNOILOVSNVYL ./ ALIIOOS SNOILDVSNVYL


http://rsta.royalsocietypublishing.org/

Downloaded from rsta.royalsocietypublishing.org

T T .oOoy,__" ,-_‘ T T T _,-_~_wmvm;m«_ i T w N,.w_ ;,_Ml_ ».ﬂf
i i )
|
09
/
A 7 0=a
W o
Z,
et
&
)
[
H_ A T T T B i N N NN N N O T N T B T T S |
I
=
5
z 1 - z- -
N L L %oﬁ__.__h“,‘ w._ﬁ__»ﬂf”nwOo___,", ,MNI
5 |
. i
W \-
= o / Moo@
A e
VA \ 9=a
oe q -0t
VN
V,/ WONKI
///B
60\ \ |
IR O Lo 1 ! I B L IS N I 1
4
3 1 = 5 > 2 ‘sopowr premisom
10
S3ION3IDS 40 SIDN3IDS 40
oNENIDNS 3 ALITOOS o\ oiovsnvaL ONIHZINIONT % ALIIDOS ¢\ onsvsnval

TVAOY dH.L 1IvDIHdOSO1IHd

“IVDLLVWIHLY W “IVIILVWIHLVIN

TVAOY IH.L 1vDIHAOSOT1IHd


http://rsta.royalsocietypublishing.org/

Downloaded from rsta.royalsocietypublishing.org

565

THE EIGENFUNCTIONS OF LAPLACE’S TIDAL EQUATIONS

*SOPOW SPIEMISIM T

2-

o I e

4
T T T T T T

Tos] T T T T [ T T T T
o

ALIIDOS 1o
TR0 AL e s

= 5 uaYM 9 JO sINJeA aaneSou 0) SurpuodsaIIod SUOHOUNJUISTY "¢g YOI

£ T
T 58] |

o]

7 Lo I=a
60=\~
I S N B TR T AN TN S B
4 ) o - 2=
T S N S R T B o s D T Y B A N I B
\
L
®
o/ ]
VA {=da
s e
(el
QOnK .
OO R S W S G LR N B A A

-7 ALIIDOS 1o
Y TR BILLIL S


http://rsta.royalsocietypublishing.org/

Downloaded from rsta.royalsocietypublishing.org

M. S. LONGUET-HIGGINS

566

. o - e
[ T 06 [ I T T T [ R B T T T T
M,_
i
\
/A I8 -
0=a
1] TS - T T W TS BN N SN SO A A I S W SO N I U [ N N T T A
5 _ ——
1 o - - [4 ] - —
T LT R R R H S B B O (LA A O T T T T
\
09 -
A
A 1 0=4a
o
AR
of -\ \Fm O ,/\..O
B 1 y/f//y./OOHK
— \»\\\\L
o A== ff N S T S WS N N ! I ST oy | o |
€
g = § ‘0 > 9 ‘sopouwr premises
S3DN3IDS 40 SIDN3IDS 40
DONIY3IINIONT B >.|,—Lm H Uom DNIY3INIONT B >.Hlm M Uom

TVDISAHd
“IVDLLVWIHLY W

TR0 AL e s

TVDISAHd
“IVIILVWIHLVIN

TR0 AL S


http://rsta.royalsocietypublishing.org/

Downloaded from rsta.royalsocietypublishing.org

THE EIGENFUNCTIONS OF LAPLACE’S TIDAL EQUATIONS

567

T

-0

Z Y < -] USYM SOPOW SPIeMISe g = § USYM 3 JO SON[EA DATIeS9U 0 Surpuodse1100 SUONOUNJUISI 9 FINDIL]

z- [4

1,09

0%

9! Z l=d
-0
loOm.
S0
g L0
] 6-0=Y
) PO A NN NSO SO T N SO A | [T TR TS TR N N O IS I T N N T N NN N N N | R S T N B B mooﬂﬂ_,__ |
2] 2] :
- — ' - 2~
__,Mlﬂﬂq_wt_ 4N~_4~_w___mooOo_d._wa__~wh w,_J_ﬁ_M_ Nwoo,ﬂ, “_ T
o9 %uo
.D l=a
> e A A R N ol b | ]
6
h ¢ 40 40
//@\V\ ALIIOO0OS SNOILDVSNVYL n@ﬂ ALITOOS SNOILDVSNVYL
TVAOY dH L 1vDIHdOSOTIHd TVAOY IH.L 1vDIHAOSOT1IHd

A.

VoL. 262,

71


http://rsta.royalsocietypublishing.org/

Downloaded from rsta.royalsocietypublishing.org

M. S. LONGUET-HIGGINS

568

- T .ouo ; T - . ¢ - - e — e 4 : o - 2~
o . oOo . - B T ..oOc i I B T H -
i )
[
209 ol
o LI 1,09
| (RN
A P
AN /....mo [V} -
- AR . o -
1 N7 / S C=a
¥zo0 -
OF ot \

- - i - _ N _ i
; SRS S S A
| 5 — o . . ~
SJ z T - [ S B - : el g I ° - ¢-
S “ 00, T i 06 T T 7
|
| A

(‘u09) g = 5 %9 > 9 ‘sopowr piEMmISED

S3DN3IDS 40 SIDN3IDS 40
ULl ALIID0OS oyomvsnvaL e ALIID0OS cyonsvsnvaL

“I¥IILYWIHLY W TVAOY dH.L 1IvDIHdOSO1IHd “IYLLYIWIHLY W TVAOY IH.L 1vDIHAOSOT1IHd


http://rsta.royalsocietypublishing.org/

569

Downloaded from rsta.royalsocietypublishing.org

THE EIGENFUNCTIONS OF LAPLACE’S TIDAL EQUATIONS

‘10-0 € ¥ < T-0 UDYM SOPOW SPIEMISEY ‘g = § USYM 3 JO SON[EA IATIESIU 0} Surpuodso1100 SUOTIOUNJUISTY °Lg TUNDLY

71-2

: I- z- 4 1 o -
: ; o 1—- 2- 4 ! o - T T T T
e oY) A A A S R S R B B T T T T T T T T os T 1 C 1 T T T T T T T T T ol T |
o
A
1609 —,09
s0-0 |/ /4 .
\w 200 \\ b g N
50-0
10-0=¥ \ [ O8] z20-0
- - 10.0=Y —
e
\\ .
R BT R N et DA IR M S N I S T S N BT B ool TN S G SO B Y N T | __p_,u._ﬂ_hwoo_______
6 6
- o -
4 1 [¢) i— 2- z 1 o - 4 [4 i , —— —
[ T es T T T L L L <2 L R B B T T T T T T o T |
|
2 {eXe] 109 09
$0-0
T A 200V
\
200 _ )
21 n

—— iy

SNOILDVSNVYL SNOILDVSNVYIL

. ALIIDOS 40 wonis | o ALIIDOS W
i V TVAOY THL IVDIH4OSOTHY SIVIIHLY V TVAOY THL IvDIH4OSOTIHd


http://rsta.royalsocietypublishing.org/

Downloaded from rsta.royalsocietypublishing.org

M. S. LONGUET-HIGGINS

570

—10¢

0=a

S3DN3IDS

ONIY3IINIONT B

TVDISAHd

“IVDLLVWIHLY W

ALIIDOS
TVAOY dH L 1vDIHdOSOTIHd

SNOILDVSNVYL

Z = § 0 > 9 ‘sopowr pIemisom

S3ON3IDS
ONIY3I3INIONT B
TVDISAHd
“IVIILVWIHLVIN

4 1 k -
i T T ]
I I w: ]
€0, e
|
N
N SO
—0€
L0l g
6:0=¢
S I T T O N DO O O 1 |
‘]
< i 1=
T T T T [T T T T jog 1 ]
-09
S0
Z
20 - o€
60=\"
: ST R 2
2]
40
ALITOOS SNOILDVSNVIL

TVAOY IH.L 1vDIHAOSOT1IHd


http://rsta.royalsocietypublishing.org/

Downloaded from rsta.royalsocietypublishing.org

THE EIGENFUNCTIONS OF LAPLACE’S TIDAL EQUATIONS

571

'SOPO SPIBMISIAN ‘g = § UOYM 3 JO sonfea 2aneSou 0} Surpuodsariod suonouNjuasSry ‘g3 HENOL]

T

S0 08

ALIIOO0OS

40

SNOILDVSNVYL

TVAOY dH L 1vDIHdOSOTIHd

s

ALIIOOS

40

SNOILDVSNVYIL

TVAOY IH.L 1vDIHAOSOT1IHd


http://rsta.royalsocietypublishing.org/

\

A \

/&

Ly 2

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Y & |
AL A

JA

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

572 M. S. LONGUET-HIGGINS

The proportion of kinetic energy |7,| in each mode relative to the sum |7,| - |/,| has been
plotted in figure 29 as a function of (—e¢)~*. In the castwards modes (s = 1 and 2) the
proportion of kinetic energy varies from 1 to 0, and the curves nearly coincide in pairs
throughout their entire length. On the other hand, in the westwards modes the proportion
of kinetic energy has a minimum at the centre of the range and tends to unity at each end.
At the right-hand end of the range, that is as (—¢)™* -0 and ¢ — 0, the asymptotic
behaviour of the curves is at first sight complicated. However, we may note that in this case
the eigenfunctions tend to planetary waves (class 2) so that the formulae (4-10) apply for
small negative ¢ as well as for small positive ¢. Hence, using (9:12), we find

L]l [er) (=) (1))
I T mr L e () (i 1) S

The coefficient of — |¢| is not quite monotonic in #, for given s. For s = 1 and 2 it takes the
following values:

n—s 0 1 2 3 4 5
J‘ R — SRR — S
1 0-02500 0-09194 0-04503 0-:02636 0-01730 0-01224
2 0-01058 0-03009 0-02166 0-01536 0-01129 0-00860

The asymptotic value as n—>00 is 4n~2. Thus the coefficients are monotonic, with the excep-
tion of (n—s) = 0. This is in agreement with figure 29.

The proportion of kinetic energy in the westwards modes appears always to exceed 1.
However, when s = 0 (zonal oscillations) it appears from figure 29 that at the limiting
values of —¢ (for which A — 0) the proportion of kinetic energy tends to } in the limit as
A — 0. Thus these quasi-steady currents have an energy which is half kinetic and half
potential.

13. APPLICATION TO FORGED OSCILLATIONS

For the sake of consistency we have so far interpreted the solutions corresponding to
negative values of ¢ as though they were free oscillations with negative values of the depth £.
Such a situation can hardly be realized physically.

On the other hand, as Lindzen (1966) has emphasized, the negative eigenvalues do play
a physically meaningful role in describing the response of the system to external forces;
in other words, they can represent real forced oscillations.

To give physical content to the solutions we may consider one of the simplest such
situations, in which the layer of fluid is subject to a tide-raising gravitational potential,
proportional to el¢?=o) where ¢ is a given fixed frequency. Thus instead of the homo-
geneous system of equations (2-1) to (2-3) we consider the non-homogeneous system in
which (2-1) and (2-2) are replaced by

a 19 ‘
P 4 9005l ¢ O (o 132
Y 20cos Gu— 1y (g) = — & (62), (132)
a o, 1 N
s ap (—osn0)+ g | = 0 (13:3)
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GURE 29. Proportion of kinetic energy to total energy in the modes corresponding to negative ¢ when s = 0, 1, and 2.
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where { represents an cquilibrium tide. On taking ¢ over to the left-hand side of cquations
(13-1) and (13-2) we sec that z and v can be expressed in terms of ({—¢) as in cquations
(2-7) but with ({—{) replacing {. Hence we have in place of (2:9) the equation

Z({~C) =€l (13-4)
Suppose now that { happens to be an cigenfunction of cquation (2-9), that is to say

(= AZ, cibs-0, (13-5)
wherc 4 is a constant, and L (Z,) = A, Z, (13-6)

for some ¢,, (positive or ncgative). Then clearly (13-4) has the solution

{= B2, citi=ob, (13-7)
wherc Ae,,(B—A) = AeB, (13-8)
that is to say B = ~6—€’_"~_t—?/1. (13-9)

In this equation ¢ stands for 4€2?/gh, which is positive in a real situation. 1fe,, is positive, then
(¢,,—¢) may vanish, though for given A and ¢ this is improbable. In that casc we should have
a resonant excitation of the mode Z,,. On the other hand, if ¢,, is ncgative, (¢

“m

—¢) cannot
vanish. In other words, resonant excitation is impossible.

In the most gencral case of a periodic forcing function, { may be expanded in a serics of
eigenfunctions of cquation (2-9), that is to say we can writc

(=3A4,2Z, et (13-10)

m

where the 4,, arc constants. The solution of cquation (13-8) can then be written down. Tt is

(=3 6 Ay ARSICRLD (13:11)
€, —€
(assuming of course that e, -t ¢, for any m). Morcover, the general theory of cquations such
as (2+9) shows that for the complete representation of a general forcing function ¢ in the
form (13:5) all of the eigenfunctions arc nccessary. In other words, those cigenfunctions
corresponding to eigenvalues ¢,, > 0 would not by themsclves form a complete set. The
cigenfunctions with ¢, < 0 thercfore play an essential role in the solution to the problem.

14. CONCLUSIONS AND SUMMARY

A direct numerical calculation of the cigenvalues and cigenfunctions of Laplace’s
cquations (2-1) to (2:3) over a complete range of the paramcter ¢ = 4Q2/gh has revealed a
wealth of asymptotic forms for the free oscillations of fluid on a rotating globe.

As € = 0 through positive values, the asymptotic forms are the well-known gravity waves
(waves of the first class) on the onc hand or the planctary waves (waves of the second class)
on the other.

As ¢ -»+-00 there arc three types of waves (described analytically in § 8). In all three types


http://rsta.royalsocietypublishing.org/

I

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Y, \

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

THE EIGENFUNCTIONS OF LAPLACE’S TIDAL EQUATIONS 575

the energy is trapped within an angular distance O(¢~t) from the equator. In the first type
the frequency is asymptotically proportional to ¢~%, and the kinetic energy exceeds the
potential energy by a factor of 3. In the second and third types the frequency is proportional
to ¢%, and the energy is equally divided between kinetic and potential. The waves of the
second type are all propagated towards the west, those of the third type are ‘Kelvin waves’
propagated eastwards along the equator.

The transition from the asymptotic forms as ¢ — 0 to the forms as ¢ — o0 is illustrated in
figures 1 to 6. For any given positive value of the wave-number s, all but one of the waves
of the first class as ¢ — 0 become waves of the first type as ¢ - 0. The exceptional wave
becomes a Kelvin wave (type 3). Similarly, all but one of the waves of the second class as
¢ — 0 become waves of the second type as ¢ - co. The exceptional wave becomes of type 1.
In the case s = 0 the only waves (apart from zonal currents having zero frequency) are of
class 1 as ¢ — 0, and these all become of type 1 as ¢ — c0. Some of the above results have been
found independently by Golitsyn & Dikii (1966).

When ¢ — 0 through negative values, there is only one asymptotic form of solution. These
represent motions which are analytically continuous with the planetary waves (¢ small and
negative).

When ¢ ——o0 there are again three types of solution (types 4, 5 and 6 of §11) in all of
which the energy is concentrated within a distance O(—e¢)~t from the poles of rotation. In
types 4 and 5 the frequencies approach the inertial frequency at the poles and the energy is
predominantly kinetic. The motion is in inertial circles. In type 6 (which is valid for posi-
tive 5) the frequency is proportional to ¢~!, and the energy is predominantly gravitational
potential energy. A consequence of the isolation of energy at the poles is that the modes
tend to occur in pairs having nearly the same frequency. One member of each pair is
symmetric with respect to the equator and the other is antisymmetric.

The transition of the modes between the various asymptotic forms is illustrated in
figures 16 to 21. As ¢ goes from 0 to —oco, the waves of class 2 go over into waves of type 4.
The proportion of kinetic energy in these modes has a minimum in this range of ¢. At small
values of ¢ there are no waves corresponding to types 5 and 6 as ¢ -—oc0 ; the latter exist only
when el < —s. Those waves which are of type 5 as el ->—o0 become of type 6 when
€A —>—s.

Lastly, when s = 0 the waves of types 4 and 5 (which are then identical) go over into yet
another asymptotic form (type 7) in which the frequency tends to zero for a finite (negative)
value of ¢. In the limit the kinetic and potential energies are equal.

The normalized eigenfunctions corresponding to positive values of ¢ are shown in
figures 7 to 13, and those corresponding to negative values of ¢ are shown in figures 22 to 28.
The number of zeros of each mode is not necessarily preserved throughout the range of ¢ for
which the mode exists.

Although the eigenfunctions which correspond to negative values of ¢ do not represent
physically real free motions, nevertheless a knowledge of these eigenfunctions is necessary
to a complete solution of the problem of the forced motions induced by an arbitrary external
field of force.

One feature may be mentioned which is common to all but one of the asymptotic
solutions as ¢ —--00: the simplest dependent variable analytically is not { but v* = ivsind.

72 Vou. 262. A.
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This is proportional to the component of the particle velocity parallel to the axis of rotation.
The exceptional case is type 3, or Kelvin, waves, where { is simpler than v*.

The types of oscillation revealed by this investigation may have close analogues in other
situations involving rotating fluids. One such example, that of the oscillations in a shallow
rotating dish of paraboloidal shape, is described briefly in the Appendix.

We may also expect to find similar oscillations in closed regions of uniform or variable
depth on the surface of a sphere. For example in a sector of the sphere bounded by meridians
of longitude we expect to find Kelvin waves travelling eastwards along the equator and
trapped there by Coriolis forces. Such waves cannot travel westwards. The continuity of
energy flux is therefore probably maintained by a continuation of the Kelvin wave along
the meridianal boundaries of the basin, as in figure 30. This possibility is being investigated
by analytical methods.

Ficure 30. A sketch of the probable flux of encrgy in Kelvin waves, in an occan
bounded by two meridians of longitude.

APPENDIX. WAVES IN A ROTATING PARABOLIC BASIN

It was pointed out to the author by Professor L. N. Howard that the eigenfrequencies for
waves in a rotating parabolic basin show some of the peculiar features that have been noted
in the present paper for waves on a rotating sphere. Lamb (1932, para. 212) considers the
problem of a shallow rotating dish whose mean depth £ is given by

h = ho(1—12a?), (A1)
whereris the radial horizontal coordinate and 4, and a are constants signifying the maximum
depth and the radius of the basin. He shows that the free modes have a surface elevation of
the form ¢ = (rla)y F(s+v+1, —v; s+ 1; r2/a?) elish-o0, (A2)

where ¢ is the angular coordinate in the horizontal plane, F denotes the hypergeometric

series and
v=0,1,2,3,.... (A3)

The corresponding frequency ¢ is found from the relation

(02— 4Q%) a® | 4Qs

oh. e —= = (s 204-2) (54-20) — 52 (A4)

[
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On writing 0/2Q = A, 4Q%a?|gh, = € (A5)
this becomes eNB—[e+2s(2v+1)+4w(v+1)]A1+25s = 0, (A 6)

a simple cubic equation in A, with ¢ as a parameter. In the special case v == 0 the root A = 1
must be excluded.

y
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Ficure 31. Eigenfrequencies of free modes of oscillation in a shallow paraboloidal dish
of radius ¢ and maximum depth A, rotating with angular velocity Q.
72-2
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The behaviour of the solutions of this cubic in the typical case when s =: 1 is shown in
figures 31 (a) to (d). Figures 31 (a) and (b) correspond to positive depths. At small rates of
rotation there are, at most values of thc parameters ¢ and v, three possible wavces, two gravity
waves and one wave of the second class. One of the gravity wavces travels towards the cast
and one towards the west. However, the wave of the second class travels always towards the
east, the f-effect being reversed since the depth is greatest at the centre of the basin.

At high rates of rotation there are again two classes of waves. In onc of these the frequency
A tends to +1; in the other A is asymptotically proportional to ¢~!. However, one modc
corresponding to v = 0 crosses over from the second group at high rates of rotation to the
first group at low rates of rotation.

Figures 31 (¢) and (d) show the eigenfrequencies corresponding to negative depths. As
can be seen, there is a marked resemblance to the corresponding modes on the sphere.

The numerical calculations described in this paper were carried out on an I.B.M. 7094
digital computer at the I.B.M. Data Centre in London, and on a C.D.C. 3600 at thc
University of California, San Diego. I am indebted to both the National Institutc of
Oceanography and to the University of California for financial support for the computations.

In plotting the graphs and preparing the tables I have becen ably assisted by Miss P. S.
Gribble. The curves were traced by Mr A. Style.

For the reference to Lindzen (1966) I am indebted to Professor N. A. Phillips. The analogy
described in the Appendix was suggested to me by Professor L. N. Howard.
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TABLE 1. EIGENVALUES A when € > 0 and s = 0, FOR GIVEN VALUES OF 7, = l/ed

log. /ol n—s =1 2 3 4 5 6 7 8
9  +45-2593 4135768 +271-531 +452-549 +678-823 +950-352 +1267-14 +1629-17

-

|

« ;i’]? 1 8 32:0063 96-:0045 192-002 320-002 480-001 672-001 896-001 1152-00

~~ 7 22:6363 67-8886 135-768 226-276 339413 475177 633-568 814588
- 6 16-0125 48-0089 96-0049 160-003 240-002 336-001 448-001 576-001
§ S B} 11-3314 33-9538 67-8891 113-141 169-708 237-590 316-785 407-295
® F~ 4 8-02490 24-0178 48-0097 80-0060 120-004 168-003 224-002 288-002
ez E 3 569194 16-9958 33-9549 56-5770 84-8585 118798 158:395 203-649
MO 2 4-04925 12-0356 24-0194 40-0120 60-0081 84-0058 112-004 144-003
T @) 1 2-89708 8:53545 16-9980 28:3012 424379 59-4052 79-2022 101-828
—~ 0 2:09446 6-07049 12-0388 20-0240 30-0162 42-0117 56-0088 720069

-1 1-54132 4-34107 8:53995 14-1760 21-2362 29-7150 39-6104 50-9214
— 1-16521 3-13588 6-07687 10-0479 15:0324 21-0233 28:0176 36-0137
-3 912062 2-30518 4:35011 7-13845 10-6524 14-8822 19-8239 254753
-4 740956 1-74107 3-14870 509450 7-56447 10-5466 14-0351 18-0274
-3 621946 1-36338 2-32332 3-66706 539380 7-49023 9-94910 12:7667

-6 534670 1-11131 1-76643 2-68054 3-87616 34208 7-06985 9:05468
-1 466492 039683 1-39772 2:00992 2-82533 3-84064 504769 6-44089
-8 410320 -816812 1-15541 1-56385 2-10909 2:-80158 3-63626 4-60768
-9 362473 721995 992608 1-27296 1:63152 2:09399 2:66181 3-33132
—-10 321005 643127 875825 1-:08341 1-32057 1-62286 2-00062 2:45379
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—11 -284736 574289 783296 4954130 1-12060 1-31700 1-56247 1-86199
—12 252841 513014 703302 855997 988022 1-12186 1-:27964 1-47279
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~16 158163 325702 453358 561080 655132 738412 812471 -878235
—17 140780 290505 -405204 502695 588613 665618 1735179 798160
—18 125332 259053 361923 -449842 527862 -598391 662790 721897
P —19 111596 -230963 -323094 402167 -472699 536858 595882 650552
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TABLE 2. EIGENVALUES A WHEN ¢ > 0 AND § = 1, 2, ..., 5.
MODES TRAVELLING EASTWARDS

s log,/, 4 n—s =0 1 2 3 4 5 6
L <@ s=1
N 9 44-7582 135-600  271-447 452499 678790  950-328 1267-12
< 8 31-5047 95-8370 191-919  319-951 479-968  671-977 895-983
> >~ 7 22-1341 67-7208 135684  226-226 339379  475-1563  633-551
@) ~ 6 15:5096  47-8407  95-9211 159-953  239-969 335978  447-983
e E 5 10-8274  33-7848  67-8052 113-091 169-675  237-566  316-768
E 8 4 7-51950  23-8480  47-9255  79-9557 119-971 167-979  223-984
Py 3 5-18485 16-8246  33-8703  56:5266  84-8250 118-774 158-377
2 3:54036 11-8625  23-9344 399614  59-9745  83-9819 111-987
2”2 1 2-38685  8:35958 16-9123 282504  42-4042  59-3812 79-1842
Jg 0 1-58471 589072 11-9520 199728  29-9824  41-9876  55-9908
I —
BB w -1 103619  4-15587 845178 14-1243  21-2020  29-6908  39-5924
AZLO - 671475 2-94333 598665  9-99537 14-9980 20-9990  27-9994
0(2 -3 436995 210334  4-25701 7-08494 10-6175 14-8576 19-8056
= § -4 -289186 1-52861 3-05156  5-03954  7-52892 10-5216 14-0167
E - -5 -195169 1-14034  2-22063  3-61005  5-35735  7-46483 9-93034
-6 133760 -879222 1-66632  2-62066  3-83844  5-:31603 7-05072
-1 10926201 701172 1-27830 1-94596  2-78583  3-81368  5-02805
-8 ‘0645658  -575377 1-02534 1-49397 206707 2:77336  3-61591
-9 0452100  -482123 851968 1-19458 1-58564  2:06396  2-64046
—-10 ‘0317520  -409766 -726887 994038 1-26847 1-59002 1-97784
-11 0223460 -351656 1630641 -853276 1-05891 1-27929 1-53739
—12 ‘0157488 303869 552381 746687 -914392 1-07568 1-25031
—-13 0111102 263925  -486439 659789 805851 -936261 1-06311
—14 (00784323 -230142 429739 585544 716682 -830969 934382
-15 — 201316 -380423 520659 639353 742929 -834951
4 —16 — -176553  -337228  -463376 570813 665241 749524
T 17 -— 1155164 -299229 412568 509617 595518 672811
~ —-18 — 136609  -265702 -367403 454864  -532726  -603281
— —19 — 120453 -236059 327212 405864 -476202 -540292
§ S —-20 - -106345  -209813 201427 -362033 -425395 483373
o : -21 — -093993 186548  +259560 322848 379797 432074
ajem
= O
T O
=w

PHILOSOPHICAL
TRANSACTIONS
OF

581

1629-16
1151-99
814:574
8575-987
407-281

287-988
203-635
143-990
101-814
71-9929

50-9074
35-9997
25-4611
180132
12-7523

9-04002
642592
4-59228
3:31531
2-43694

1-84389
1-45260
1-19929
1-03425
‘918536

825455
742974
667856
599335
-5637050

480655
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TABLE 2 (cont.)

log,, » n-—s = () 1 2 3 4 3 6 7
, s =2
> < “‘ Y 135432 271-364 452449 678757 950304 1267-10 1629:15 203645
. N 8 95-6680 191-835  319-901 479934  671-953  895-965 1151-97 1439-98
< 7 67-5508 135:600 226176 339-346  475-129  633-533  814-560 1018-21
— e 6 47-6693  95-8365 159-902 239935  335-954 447965 575973 719-978
e ~ b 33-6116  67-7201 113-041 169-641  237-542  316:750  407-267 509096
=
= 4 23-6720  47-8397  79-9048 119-937 167-955  223-966  287-974  359-979
O 3 16-6448 337835  56-4753  84-7911 118-750 158-359  203-621 254-538
T @) 2 11-6774  23-8460  39-9096  59-9404  83-9577 111-968 143-976 179-980
= w l 8:16717 16-8219  28-1978  42-3697  59-3568  79-1660 101-800 127-261

0 5-68831 11-8587 19-9191 29-9474 41-9629 55-9725 71-9787 89-9830

-1 3-94010 8-35431 14-:0691 21-1664 29-6658 39-5738 50-8931 63-6248
2 2-71043 5-88349 9-93802 14-9614 20-9735 27-9806 35-9852 44-9883
3 1-84991 4-14607 7-02459 10-5795 14-8314 19-7864 25-4464 31-8125
—4 1-25323 2-93032 4-97503 7-48904 10-4945 13-9969 17-9981 22-4988
b -845376 2-08652 3-53991 5-31482 7-43628 9-90981 12-7367 15-9174

PHILOSOPHICAL
TRANSACTIONS
OF
|

-6 71189 1-50762 2-54311 3:79230 528557 7-02909 9-02384 11-2697
-7 -388806 1-11507 1-85923 2-73490 3-78062 500491 6-40880 7-99187
-8 267204 849794 1-39668 2:00998 2-73682 3-59071 4:57388 5:68586
-9 185173 667968 1-08631 1-52101 202293 2-61254 3-29519 4-07124

- 10 129117 -539190 -875748 1-19497 1-54328 1-94636 2:41452 2:95035

—11 ‘0904164 444173 “727559 975860 1-22524 1-:50128 1-81850 2-18307
—12 ‘0635032 371392 617554 822732 1-01293 1-20792 1-42317 1-66808
—13 -0446919  -3139853 531568 708691 864720 1-:01250 1-16401 1-32936

— 14 0314975 -267700 461702 -618220 <753265H ‘875121 990905 1-10811
—15 -0222203  -229755 403444 -543166 ‘663185 2769720 866871 ‘958616
—16 ‘0156865 198245 -354022 479227 +38693() -682434 768664 847750
—17 — -171806 -311603 423915 520810 607028 -685036 *7563064
o — 18 — -149438 -274894 375629 462782 -540661 -611444 676445
<1, —19 —_ -130383 -242935 +333235 411555 481787 -H45908 605088
— . -20 -— -114056 -214986 295875 -366166 429386 487318 +541016
;: >-4 —21 —_ 099998 -190460 262867 325879 382684 434890 483444
O = —22 — — -16888 23365 -29008 34104 — —
M
= O
= O
= uw

PHILOSOPHICAL
TRANSACTIONS
OF
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log,, 4
4 9
< 8
'_1 | 7
6
S
oln 4
Qﬁ e 3
= Q) 2
ZO 1
F W (1)
=0 -2
T _3
OUH- —4
[o}4 '
=Z
TS -6
oy —17
-8
—9
—-10
—11
—12
—13
—14
—15
— 16
- 17
—18
o —19
. —20
- i
— > —22
olm
=5
e
kO
= O
= uw
= )
52
=0
=
-9
025
<0
Om
=z
T
&
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n—s =0

271-279
191-751
135-515
95-7511
67-6338

47-7522
33-6942
23-7544
16-7267
11-7587

8-24767
576755
4-01749
2-78509
1-92054

1-31804
902268
618467
-426004
295267

-2056794
-144044
101130
‘07115627
0501363

0353643
0249630

452-399
319-851
226-125
159-852
112-989

79-8532
56-4231
39-8565
28-1434
19-8630

14-0104
9-87581
6-95743
4-90104
3-45670

2-44798
1-74977
1-27185
947333
726071

571915
-460845
377975
-314268
-264110

-223866
191085
-164050
141526
122597

106573

TABLE 2 (cont.)

678-723
479-901
339-312
239-901
169-608

119-903
84-7568
59-9056
42-3344
29-9113

21-1292
14-9225
10-5384
7-44481
526622

313771
2-67256
1-93800
1-43807
1-10097

872229
712378
595442
505828
-434540

-376272
327712
-286666
-251604
221412

195250
-17247

3
s=3

950-281
671-929
475-105
335930
237-518

167-931
118-726
83-9332
59-3320
41-9377

29-6400
20-9469
14-8037
10-4650
7-40458

525071
3-74146
2-69200
1-97102
1-48308

115614
035156
-780134
665056
-574814

501127
439342
-386643
-341182
301658

267107
-23678

1267-08
895-947
633-515
447-947
316-732

223-948
158-341
111-950
79-1476
55-9538

39-55648
27-9612
19-7663
13-9759
9-88749

7-00496
4-97827
3-56067
2-57804
1-90629

1-45455
1-15361
950343
-806390
697352

609691
536389
-473664
419261
-371689

329873
-29299

(1}

1629-13
1151-96
814-546
575-959
407-253

287-960
203-607
143-961
101-786
71-9643

50-8785
35-9703
25-4312
17-9823
12:7201

9-00613
6-38955
4-55250
327095
2-38656

1-78589
1-38490
1-11897
938521
808363

707008
623281
551727
-489479
-434816

-386563
34384

2036-43
1439-97
1018-20
719-967
509-084

359-968
254-5217
179-969
127-249
89-9716

63-6133
44-9766
31-8005
22-4865
15-9046

11-2562
7-97730
5:66990
4-05339
2-92997

2-15945
1-64039
1-29658
1-06891
912407

796131
702447
622949
-5563735
492755

-438725
39072

VoL

2488-99
1759-97
1244-48
879-973
622-227

439-974
311-101
219-975
155-539
109-977

77-7603
54-9810
38-8753
27-4893
19-4416

13-7558
9-74211
6-91343
4-92620
3-53833

2-57897
1-92627
1-49083
1-20439
1-01387

-879511
775506
688634
613174
-546533

-487284

262  A.
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TaABLE 2 (cont.)

log, 7 n—s =10 3 2 3 4 B 6 7
4 s=4

<« ]/ ﬂ‘ 9 452-349 678-690 950257 1267-06 162912 2036-42 2488-98 2086-79
= N 8 319-800 479867  671-905  895-929 1151-95 1439-96 175996 2111-97
< 7 226-075 339279  475-081 633-497 814-532 1018-19 1244-47 1493-38
P > 6 159-801 239-868  335:906  447-929 575945  T19-956 879964 1055-97
@) = 5 112-938 169-574  237-494  316:714  407-239 509073  622-218  746-675

=
=2 — 4 79-8011 119-869 167-907 223-930 287-946 359-957 439-965 H27-971
=0 3 56-3701 84-7221 118-701 158:323  203-593 254516 311-092  373-323
T @) 2 39-8022 598704  83-9084 111-932 143-947 179-958  219-966  263-971
W 1 28-0874  42-:2983  59:3068  79-1290 101-772 127-238 155-530 186-648

=

0 19-8044  29-8741  41-9119  55-9348  71-9498  89-9601 109-968 131-973
-1 13-9483  21-0904  29-6134  39-5354  50-8637  063-6016 777508  93-3125

-2 9-80877 14-8815 20-9191 27-9411 35-9551 44-9646 54-9713 659763
-3 6-88348 10-4943 14-7743 19-7453 25-4154 31-7882 38-8654 46-6481
—4 4-81754 7-39625 10-4334 13-9536 17-9658 22-4736 27-4791 32:9829
-5 3-36028 5-21155 7-36973 0-86338 12-7025 15-8910 19-4309 23-3229

PHILOSOPHICAL
TRANSACTIONS
OF

—6 2-33470 3-67478 521144 6-97831 8-98690 11-2416 13-7444 16-4961

-7 1-:61588 259869 3-69617 4-94811 6-36815 T-96136 972977 11-6743

-8 1-115630 1-85071 2:63882 352577 4-52812 565202 6-89977 8-27230

-9 ‘769546 1-:33592 1-90812 2:53695 324257 4-03285 4-91073 5-87728

—10 532338 -984617 1-40925 1-85760 2-35304 2:90591 3-52040 4-198006

—11 -369852 +744699) 1-07155 1-39728 1-740611 2-13092 2:55783 302944

—-12 258118 578210 +841591 1-08763 1-33801 1-:60647 1:90112 2:22616

—13 - 180806 459382 680732 ‘876717 1-06465 1-25647 1-46086 1-68349

—14 -127000 371868 563494 S727505 ‘877467 102216 1-16876 1-32310

—15 0893822  -305561 474403 616328 742645 859612 -072062 1-08441

—16 0629946 254116 404323 -529427 639485 -T39384 832324 +921002

-17 ‘0444406 -213416 347725 459018 356538 -644479 2725264 -800614

o —18 0313729 180695 -301100 400527 487530 -566018 -637898 *704536

< - —19 —— -154032 -262106 :351092 429024 499324 -563823 623646

— R —20 . -132059 229109 -308797 378619 441705 499707 -H53626

;: > —21 — 113774 200928 272287 334840 391442 443584 492185

O = —22 — 098431 ‘17668 -240564 29658 34733 39416 43790

=
A,
L O
= uw

PHILOSOPHICAL
TRANSACTIONS
OF
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TABLE 2 (cont.)

log./, % n—s =0 1 2 3 4 5% 6 7
y s=25
- ] J‘ 9 678:656 950-233 1267-05 1629-11 2036-41 2488-97 2986-78 3529-85
— - 8 479-834 671-881 895-911 1151-93 1439-95 1759-96 2111-96 2495-97
< 7 339-245 475-057 633479 814-518 1018-18 124446 1493-37 1764-91
>~ > 6 239-834 335-882 447-911 575931 719-945 879-955 1055-96 1247-97
o = b 169:539 237-470 316-695 407-225 509-062 622-209 746-667 882-438
23]
=2 et 4 119-834 167-882 223-912 287932 359-945 439-955 527-963 623-969
= O 3 84-G870 118-677 158-:304 203:579 254-504 311-083 373:316 441-204
I O 2 59-8346 83-8833 111-913 143-933 179-946 219-956 263-964 311-969
=w | 422615 59-2812 79-1101 101-757 127-227 155-521 186-641 220587
0 29-8358 41-8856 55-9156 71-9350 89-9484 109-958 131-965 155-971

-1 21-0501 29-5860 39-5155 50-8486 63-5897 77-7412 03:3045 110-280
-2 14-8383 20-8903 27-9204 35-9395 44-9524 54-9615 65-9682 77-9733

-3 10-4470 14-7433 19-7234 25-3990 31-7755 38-8553 46-6398 55-1299
—4 7-34333 10-3995 13-9300 17-9484 22-4603 27-4685 32-9743 38-9787
—=b 515076 7-33173 9-83749 12-6837 15-8768 19-4197 23-3139 27-5603

PHILOSOPHICAL
TRANSACTIONS
OF

-6 3-60323 516773 6-94915 896614 11-2261 13-7324 16-4865 19-4893
-7 2-51287 3-64470 4-91443 6-34460 7-94403 9-71651 11-6638 13-7868

-8 1-74698 2:57713 3-48596 4-50074 563219 6-88482 8:26064 9-76059

-9 1:21166 1-83379 2-48917 3-21005 4-00960 4-89343 586396 6:92229

—10 -839896 1-32081 1-80010 2:31391 2:87814 3:49994 4-18248 4-92717

—11 -H83190 969539 1-32908 1:69906 2:09743 2:53325 301087 3-53228

—12 406279 -728894 1-:00925 1-28238 1-:56629 1-87147 2-20376 2:56618

—-13 284059 561704 -790325H 1-00086 1-20909 1-42534 1:65647 1-90668

—14 -199222 442620 ‘636381 -807211 -067921 1-12696 1-29079 1-46421

—15 -140052 -355370 -523932 668620 *799986 -024288 1-04639 1-17046

—-16 -0986241 289743 438643 -564593 676803 -780070 877710 -972552

—17 0695355 239247 -371886 483173 -Hh81501 -670883 <7563759 -831946

o | —18 -0490685 199640 318324 417396 -H04654 583661 -656429 <724292

<, —19 -0346466 168065 274508 -363022 440901 +511380 -576234 -636574

- ! —20 024474 -142540 238112 317318 -386987 450083 -508203 562327

§ > —21 — -121661 -207508 278424 -340794 -397336 449498 498161

O = —22 —_— -10440 181519 245013 -300849 351515 -39832 44207

=
= O
= O
= uw

PHILOSOPHICAL
TRANSACTIONS
OF
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TABLE 3. EIGENVALUES A WHEN ¢ > 0 AND s = 1, 2, ..., 5.
MODES TRAVELLING WESTWARDS, TYPE |

~

P gua(—1) v =0 1 2 3 4 5 6 7
< ]\ﬂ‘ s=1
— 9 —.408806 —d45-7581 —135:034 —271.614 —d452:500 —6T8857 —950-376 —1267-15
< 8 —-498440 —32:5046 —96-1704 —192-086 —320-051 —480-034 —672:025 —896-018
> Z 7 —-497795 —23-1340 —G68054]1 —135-851 —226:326 —339-446 —475:201 — 633-586
oln 6 —-406885 —16-5092 —481740 —96-0878 —160-053 —240-035 —336-025 —448-019
= 5 —-405602 —11-8266 —34-1182 —67-9719 —113-101 —169-742 —237-614 —316-803
E 8 4 —-493793 —851795 —24.1814 —480022 —80-0557 —120-087 —168-027 —224-020
=3 3 491248 —6-18176 —17-158] —340370 —56-6266 —84-8917 —118-822 — 158413
2 487679 —4-53426 —12:1063 —24-1011 —40-0614 —60-0412 —84-0205 — 112022
29 | 482695 —3-37497 —8-60382 —17-0790 —283504 —42-4708 —59-4288 —79-2109
o8 0 —-475784 —2:56207 —6:22585 —12-1188 —20-0728 —30-0400 —42-0352 — 56-0265
I —
- S. 1 — 466312 —1-99492 —4-49272 —8.61871 —14-2243 —21.2687 —20.7384 —39-6281
20 9 —.453575 —1-60144 —3-28341 —6-15387 —10-0954 —15-0647 —21-0466 —28-0352
o2 3 436961 —1-32937 —2:44916 —4-42481 —7-18509 —10-6842 —14-9053 —19-8413
== 4 —-416252 —1-14037 —1-88381 —3-2206] —513985 —7-59565 —10-5693 — 14-0524
ol 5 —-301040 —100621 —150912 —2-30240 —3-71074 —542415 —7-51248 —9-96607
6 —-365279  —-006095 —1.26504 —1-83395 —272225 —3-00541 536372 —7-08646
7 337715 —-824788 —1-10528 —1-46752 —2.04977 —2-85323 —3-86148 — 5-06382
8 —.310424 —-751882 —-995607 —1-23408 — 160317 —2-13559 —2.82143 —3-65176
—9  —-284115 —-682420 —-011565 —1.08708 —1-31570 — 1-65716 —2.11279 —2-67653
210 —-259159 —-616161 —-836451 —-080248 —1-13708 —1.34752 — 164097 —2-01455
Z11 —-235739  —-B54348  —-762503 —-012000 —102645 —1-15460 —1-33588 —1-57593
—12 —-213933 —-497627 —-690252 —-837611 —-947797 —1-03854 —1.14621 —1-29387
—13 —193752  —-446042 —-622071 —-762140 —-874267 —-060552 —1-03371 —1-11995
14 —075165  —-399370 —-559047 —-689113 —-T97903 —-887832 —-058074 —1-01839
15 —158115  —-357287 —-501426 —-620605 —-722838 —-810990 —-886128 _-047664
P 16 —-142529 —-319433 —-449099 —-557611 —-651945 —-735160 —-808766 —-873334
P 17 —128322 —-285443 —-401800 —-499996 —-586249 —-663376 —-732802  — 705645
—18  —-115405 —-254964 —-359186 —-447706 —-526042 —-596738 —-661205 —-T20208
> 10 —-103686 —-227661 —-320885 —-400458 —-471268 —-535502 —-5O4TIZ  —-649427
;E > _20  —-0930755 —-203224 —-286524 —-357903 —-421690 —-479912 —-533724 _-5R3854
® E —21  —-08348  —-181365 —-255740 —-310668 —-376980 —-420482 —-478204 _-523804
[~ —29 — — — 22819 — — = — _
k= O
)
= uw

PHILOSOPHICAL
TRANSACTIONS
OF
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log./5(—7) v=20 1
d
L <@ 9 —-332867 —136-099
o 8§  —-332674 —96-3347
< 7 —.332402 —68-2175
— 6 —-332019 —48-3360
1w 5 —-331479 —34-2782
25
= 4 —-330721 —24-3386
=0 3 —.320658 —17-3113
i) 2 —.328173 —12:3438
=w 1 —+326112 —8-83325
— 0 —-323271 —6-35381
52
= ©) -1 —-319399 —4-60447
=k —2  —.314204 —3-37262
0353 -3 —-307383 —2-50803
8 2] —4  —-208691 —1-90421
= —5  —-288025 —1-48494
T
el -6 —-275503 —1-19462
-7  —-261464 —-991860
—8  —-246377 —-845992
-0 —-230712 —-735380
—10  —-214873 —-646360
—11  —-199178 —-571474
—12  —-183863 —-506934
~13  —-169105 —-450613
—14  —-155024 —-401103
—15  —-141701 —-357366
~-16  —-129186 —-318601
| —17  —-117499 —-284160
_ ~18  —-106645 —-253510
~19  —-0966089 —-226202
21 ‘ —20 —-0873678 —-201850
— —21  —-078889 —-180123
olm ~22 — —-16073
A
kO
= O
= uw

PHILOSOPHICAL
TRANSACTIONS
OF

TABLE 3 (cont.)

—271-697
—192-168
—135-933
—96-1699
—68:05634

—48-1730
—34-1168
—24-1794
—17-1552
—12-1921

—8:68790
—6-21733
—4-48039
—3-26557
—2-42344

—1-84733
—1-45891
—1-19866
—1-02116
—-893216

—-792715
—+707396
—+632078
— 564814
— 504597

— 450676
—+402410
— 359227
—+320608
— 286087

— 255241
— 227686

3
s =2

—452-649
—320-101
—226-376
—160-102
—113-241

—80-1048
—56:6753
—40-1096
—28-3978
—20-1191

—14-2691
—10-1381
—7-22480
—5-17547
—3:74084

—2-74512
—2:06363
—1:60598
—1-30414
—1-10519

—-968374
— 864528
—776482
—+697408
—+625574

—+560431
—+501547
—-448474
—+400751
—-357917

—-319524
—28515

—678-890
—480-068
—339-479
—240-068
—169-775

—120-070
—84-9244
—60-0737
—42-5030
—30-0807

—21-2997
—15-0947
—10-7129
—7-62247

544837

—3-92611
—2:86934
—2-14601
—1-66081
—1-34261

—1-13639

098674
896340
-808988
‘729157

4655670
588431
527277
471917
421979

377053
-33672

[t

—950-400
—672:048
—475-224
—336-049
—237-637

—168-050
—118-845
—84:0529
—59-4521
—42-0582

—29-7610
—21-0687
—14-9267
—10-5897
—17-53157

—5-38094
—3-87616
—2-83281
—2-12013
—1-64357

—1-33262
—1-13315
—1-00191
—+004302
—-819049

7139739
—+666077
-598326
—+536498
-480397

— 429706

—1267-17
—896-036
—633-604
—448-037
—316-821

—224-038
—158-431
—112-040
—-179-2375
—56-0439

—39-6453
—28-:0521
—19-8578
—14-0683
—9:98125

—7-10056
—5-07643
—3-66238
—2:68458
—2-01949

—1-57729
—1-29077
—1-10854
— 988929
—-897362

-814366
736097
663099
—-595825
-534359

I

|

|

|

— 478542

587

—1629-20
—1152-03
—814-615
—576-029
—407-322

—288-029
—203-677
—144-031
—101-856
—72:0343

—50-9486
—36-0408
—25-5020
—18-0537
—12-7923

—9:07941
—6-46439
—4-62952
—3-35096
—2-47068

—1-87578
—1-48348
—1:23160
—1:07266
—+966759

—+880561
— 799428
— 722489
—-650724
—-584614

—-524233
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TABLE 3 (cont.)
log./»(—%) p =20 1 2 3 4 5 6 7
P s=3
L <@ 9 —-249770  —271-779  —452:699 —678:923 —950-423 — 126719  —1629-22  —2036-50
— - 8 —+249675 —192-251 —320-151 —480-101 —672:072 —896:054 —1152:04 — 1440-03
< 7 —+249542 —136:015 —226:425 —339-512 —475248 —633-622 —814-629 —1018-27
>_( > 6 —-:249353 —96-2511 —160-152 —240-101 —336-073 —448:055 —576-042 —720-034
O = b —+249087 —068-1338 —113-2890 —169-808 —237-661 —3816-839 —407-336 —509-151
23]
Qﬁ p— 4 —248713 —48:2522 —R80-1532 —120-103 —168:074 —224:0565 —288:043 —360-035
) 3 —-248189 —34-1942 —56-7231 —84-9568 —118:869 —158448 —203-691 —254-594
I O 2 —+247456 —24-2543 —40-1565 —060-1057 —84-0760 —112-057 —144-045 —180-036
=w | —-246436 —17-2267 —284434 —42-5344 —59-4749) —79-2548 —101-869 —127-316
- 0 —-245026 —12:2586 —20-1630 —30-1113 —42:0806 —56-0610 —72:0477 —90-0383
<z
BO -1 —-243097 —8:74738 —14:3105 —21-3292 —29-7820 —39:6620 —50-9619 —63-6800
E = — —-240489 —6-26698 —10-1759 —-15-1226 —21-0897 —28-0683 —36-0537 —45-0432
025 -3 —-237024 —4-51636 —7-25754 —10-7385 —14-9465 —19-8734 —25-5145 —31-8672
8(]) —4 —-232526 —3:28288 —5-20125 —7-64491 —10-6079 —14-0830 —180657 —22:5531
=|§ - —-226856 —2-41628 —3-75711  —5:46642 —7-54750 —9-99465 —12-8035 —15-9712
75
B -0 —-219951 —1-81013 —2-74877 —3-938190 —5-39371 —7-11215 —9:08949 —11-3229
-7 —-211855 —1-38829 —2-:05123 —2:87349 —3:-88464 —5-08552 —(-47203 —8:04399
—8 —-202718 —1:09526 —1-57435 —2-14009 —2:-83564 —3-66809 —4-63594 — 573661
-9 —-192756 —-889847 —1:25104 —1:64264 —2-11583 —2-68590 —3-35455 —4-12017
—10 —-182208  —-:741926 --1-03022 —1-30990 —1-63062 —2:01534 —2:47064 —2-99694
—11 —-171307 —-630939 —-873958 —1-08687 —1:30911 —1-56654 —1-87130 —2-22699
—12 —-160261 —-544073 756471 —-931702 —1-09621 —1-27169 —1:47363 —1-70954
—13 —-149248 —-473736 —-662477 —-8153568 —-949342 —1-07790 —1:21459 —1:36970
— 14 —-138416 —-415336 —-583951 —-720893 —-838477 —-943862 —1-04479 —1-15008
—15 —-127883 —:365943 516707 —-640220 —-746596 —-840434 —-925227 —1:00528
—16 —-117743 —-323585 —-458310 —:569704 —-666448 —-752259 —-829274 —-899200
‘ — 17 —-108064 —-286880 ---407165 —-507441 —-H95238 —~-673790 —-744853 —-809536
P ol —18 —-0988939 —-254824 —-362123 —-452203 —-531610 603194 —-668506  ---T28500
s —19 —+0902642 —-226662 —-:322310 —-403079 —-474671 —-539598 —-:599242 —-(H445H9
—J] b —20 —-0821904 —-201813 —-:287026 —-359337 —-423714 —-482370 —-536537 —-H8GISI
;-4: > —21 —+074676 —-179813 —-255701 —-320360 —-378126 —-:430952 479930 525744
O = —22 — —+16029 - 22785 — 28561 —+33736 — 38482 — —
9]
=
= O
= O
= uw
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TABLE 3 (cont.)

logyo(—n) v =0 1 2 3 4 5 6 7
d s =4
_g
<<, 9 —-199872 —452-749 —678-956 —950-447 —1267-21 —1629-23 —2036-51 —2489-05
—_ 8 —-199819  —320:200 —480-134 —672:096 —896-072 —1152-06 —1440-06 —1760-04
< 7 —199744 —226-475 —339-545 —475-272 —633-640 —814:-643 —1018:28 —1244-55
> >~ 6 —-199638 —160-201 —240-134 —336-096 —448-072 —576-056 —720-045 —880-037
@) =~ b —-199489 —113-338 —169-840 —237-684¢ —316-856 —407-350 —509-162 —622-291
=
~ — 4 —+199280 —80-2011 —120-135 —168-:097 —224-073 —288:057 —360-046 —440-037
O 3 —-198986 —56:7701 —84-9888 —118-892 —158-466 —203-704 —254-605 —311-165
am @, 2 —-198575 —40-2022 —60-1371 —84:0988 —112-075 —144-058 —180-047 —220-038
=w 1 —-198001 —28-4874 —42:5650 —59-4973 —79-2718 —101-883 —127-327 —155-603
22 0 —-197206 —20-2044 —30-1408 —42-1024 —56-0777 —72:0609 —90-0490 —110-040
Z

%9 —1 —-196112 —14-3483 —21:3571 —29-8039 —39-6783 —50-9748 —63-6905 —77-8236
n.b L -2 —-194624 —10-2087 —15-1482 —21-1096 —28-0840 —36-0662 —45-0535 —55-0441
8< 0 -3 —-192628 —7-28324 —10-7609 —14-9648 —19-8881 —25-5265 —31-8770 —38-9381
e} ‘2 -4 —+190003 —5-21708 —7-66293 —10-6239 —14-0965 —18-:0769 —22-5625 —27-5518
= § —h —-186632 —3-75937 —5-47826 —17-56026 —10-0063 —12-8136 —15-9799 —19-5036

I
&= -6 —-182428 —2:73293 —3-94154 —5-40202 —7-12122 —9-09803 —11-33056 —13-8171
-7 —-177358 —2:01249 —2-86552 —3-88687 —5-09107 —6-47931 —8-05027 —9-80251
-8 —-171432 —1:50903 —2-11768 —2-82981 —3-66887 —4-63934 —5-74095 —6-97252
-9 —-164750 —1-156844 —1-60305 —2-09978 —2-68042 —3-35395 —4-12185 —4-98351
- 10 —-157427 —-913677 —1-25168 —1-60236 —2-00202 —2-46488 —2-99512 —3-59327
— 11 —-149608 —:740184 —1-01072 —1-26709 —1-54386 —1-856916 —2-22072 —2-63099
—12 —-141437 —-613660 —-840902 —1-03987 —1-23815 —1-45388 —1-69786 —1-97509
—13 —-133057 —-518163 —-715348 —-880165 —1-03229 —1-18568 —1-35148 —1-53697
—14 —-124596  —-443691 —-617616 —-760578 —-886815 —1-00508 —1-12353 —1-24954
-15 —-116170 —-383964 —-538392 —-665193 —-775644 —-875272 —-968584 —1-06042
16 —- 107879  —-334936 —-472356 —-585732 —-6845568 —-772968 —-853568 —-928684

, - 17 —+0998049 —-:203925 —-416263 —-517841 —-606818 —-686655 —-759286 —-826040

= — 18 —-0920156 —-259093 —-:367989 —-458980 —-539121 —-611414 —-677497 —-738398
b < -19 — 0845631 —-229154 —:326054 —-407492 —-479574 —-544932 —-605000 —-660669
- —20 —-0774856 —-208178 —-289379 —-362193 —-426916 —-485855 —-540278 —-590974
<
>-' >" —21 —-070809 —-180475 ---257144 —-322189 —-380210 —-433232 —-482377 —-528345
O ~ —22 — —+16052 —+228705 —-286766 —-33871 —-38631 —-+43056 —+47209
=
= O
= O
= uw
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)':0

166588
166556
-166510
166445
-166354

166226
+166045
‘165792
165439
164948

-164270
163343
-162091
-160428
158264

1155519
1152135
148093
143412
138145

132373
126189
-119694
-112989
106170

0993285
0925453

0858917

0794276

0732023

067254
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TABLE 3 (cont.)

1 2 3

s =25

—0678:989 —950471 --1267-23
—480-167  —672-119  —896-090
—339:578 —475:295 —633:657
—240-167 —336-120 —448-090
— 169873  —237-708 —316:874

—120-167 —168-120 —224-091
—85:0204 —118915 —158-483
—60-1679 —84-1214 —112-092
—42:5948  —59-5193 —79-2887
—30-1692  —42-1237 —56-0941

—21-3834 —29-8241 —39-6941
= 151716 —21-1283  —28-0990
— 107803 —14-9814 —19-9020
—7:67654¢ —10-6376 —14-1086
—5:48384 —7-56983 —10-0161

—3:93607 —5-40583 —17-12775
—2-84522 —3-88279 —5-09306
—2:07841 —2-81521 —3-66467
—1:54138 —2-07182 —2-66806
— 116657 —1-35866 —1-97943

—-904796 —1-20678 —1-50933
—-720047 —-964363 —1-19083
—-086822  —-793208 —-972808
—+488014 —-667292
— 412559  —-570488

817811
701267

—353335  —-493279  —-608929

305697 —-429967  —-5332970
266555  —-376972 —-468927
233816 —-331927 —-414055
206026 —-293195  —-366523

(182157 —-259597  —-325034

—-161462  —-230257 —-288623

— 162924
—1152-07
—814-657
—576-070
—407-364

—288-071
—203-718
—144-072
—101-896
—72-0739

—50-9875
—36-0784
—25-5379
—18-0873
—12-8226

— 910504
—6-48353
—4-63972
—3-34914
—2-45333

—1-83932
—1-42444
—1-14576
—-054887
817004

‘710401
—-623382
—-549919
— 486684
— 431620

— 383324
— 340763

pl

6

— 2489-06
—1760-05
—1244-55
—880-046
—622-300

—440-046
—=311-174
—220-047
—155-611
—110-049

—177-8321
— 5505624
—38-9462
—27-5594
—19-5106

—13-8233
—9-80743
—6:97575
—4-98439
—3-59099

—2-62457
—1-96354
—1-51929
—1-22463
—1-02719

— 887448
— 779591
—-690178
—+613151
—-545610

485898
— 43290

I

— 298686
—2112-04
—1493-45
—1056-04
—746-743

—528:039
—373-391
—264-039
—186-716
—132-041

—93-3803
—66:0440
—46-7156
—33-0501
—23-3897

—16-5623
—11-7396
—8:33640
— 593975

—4-25831

—3-:08684
—2-28014
—1-73399
—1-37100
—1-13148

—-D68812
— 849068
— 752286
— 669407
— 596620

— 532050
— 47454
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TABLE 4. EIGENVALUES A WHEN € > 0 AND s == 1, 2, ..., 5.
MODES TRAVELLING WESTWARDS, CLASS 2

og (=) n—s=0 1 2 3 4 5 6 7
s=1
24 —-499994  —-166644  —-0833223 —-0499936 —-0333291 —-0238065 —-0178549 —-0138872
23 —-499991  —-166635  —-0833178 —-0499909 —-0333274 —-0238053 —-0178540 —-0138865
22 —-499988  —-166622  —-0833114 —-0499871 —-0333249 —.0238036 —-0178527 —-0138854
21 —-499983  —-166603  —-0833022 —-0499818 —-0333214 —-0238011 —-0178509 —-0138840
20 —-499976  —-166577  —-0832894 —-0499743 —-0333164 —-0237976 —-0178482 —-0138820
|
L < j 19 —-499966  —-166540  —-0832712 —-0499636 —-0333094 —-0237926 —-0178446 —-0138791
et 18 —-499951  —-166487  —-0832454 —-0499485 —-0332995 —-0237856 —-0178393 —-0138751
< 17 —-499931  —-166413  —-0832090 —-0499272 —-0332855 —-0237757 —-0178320 —-0138694
S 16 —-499902  —-166308  —-0831575 —-0498970 —-0332657 —-0237617 —-0178215 —-0138613
o 15 —-499862  —-166159  —-0830846 —-0498544 —-0332377 —-0237419 —-0178068 —-0138499

25
e 14 —-499805  —-165949  —-0829817 —-0497941 —-0331981 —-0237139 —-0177859 —-0138337
Q) 13 —-499724  —-165653  —-0828360 —-0497087 —-0331421 —-0236743 —-0177563 —-0138108
O 12 —-499610  —-165234  —-0826301 —-0495881 —-0330629 —-0236182 —-0177146 —-0137785
~w 11 —-499448  —-164643  —-0823390 —-0494174 —-0329508 —-0235389 —-0176554 —-0137327
o 10 —-499219  —-163809  —-0819274 —-0491760 —-0327922 —-0234266 —-0175718 —-0136679
<Z
Yo 9 — 498806  —-162634  —-0813457 —-0488345 —-0325677 —-0232678 —-0174533 —-0135762
== 8 —-498440  —-160981  —-0805238 —-0483514 —-0322500 —-0230428 —-0172856 —-0134462
og g 7 — 497795  —-158661  —-0793631 —-0476677 —-0318000 —-0227240 —-0170478 —-0132620
72 6 — 496885  —-155417  —-0777252 —-0467002 —-0311623 —-0222720 —-0167105 —-0130006
gg 5 —-495602  —-150903  —-0754173 —-0453303 —-0302577 —-0216301 —-0162312 —-0126290
o=
&= 4 —-493793  —-144671  —-0721738 —-0433902 —-0289723 —-0207163 —-0155483 —-0120991

3 —-491248  —-136171  —-0676391 —-0406426 —-0271409 —-0194106 —-0145707 —-0113399
2 — 487679  —-124802  —-0613691 —-0367600 —-0245227 —-0175322 —-0131595 —-0102414
1 — 482695  —-110082  —-0529202 —-0313436 —-0207823 —-0148070 —-0110916 —-00862147
0 — 475784  —-0920869 —-0422658 —-0242477 —-0157030 —-0109875 —-00811378 —-00623462
-1 — 466312  —-0722274 —-0308711 —-0168469 —-0105216 —-00716564 —-00518312 —-00391859
— — 453575  —-0535315 —-0214821 —-0113731 —-00699373 —-00472217 —-00339804 —-00256049
-3 —-436961  —-0385340 —-0148900 —-00777310 —-00474932 —-00319577 —-00229500 —-00172709
—4 —-416252  —-0274644 —-0103711 —-00537142 —-00327039 —-00219656 —-00157573 —
-5 —-391949  —-0195024 —-00725501 —-00373915 —-00227172 —-0015241 — —
-6 —-365279  —-0138245 —-00509130 —-00261564 —-0015870 — — —
-7 —-337715  —-00979045 —-00358093 —-0018358 — — — —

o -8 —-310424  —-00692978 —-0025226 — — — — —
<[, -9 —284115  —-00490332 — — — — — —
o -10 —-259159  —-0034687 — — — — — —
§ > -1l — 235739 — — — — — — —
OF -2 —-213933 — — — — — — —
M —13 —-193752 — — — — — — —

— 14 —175165 — — — — — — —
RO —15 —-158115 — — — — — — —
= O
wvy —16 — 142529 — — — —_ — — —

—17 —-128322 — — — — — — —
—~18 —-115405 — — — — — — —
-19 —-103686 — — — — — — —
—20 —-093075
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logyo(—9) n—s=0

24 —+333331
23 —+333330
22 —-333328
21 —+333326
20 —-333323
19 —+333319
18 —+333313
17 —-333304
16 —-333292
15 —+333275
14 —+333251
13 —+333217
12 —-333168
1 —+333100
10 —+333003
9 —+332867
8 —-332674
7 —+332402
6 —-332019
5 —+331479
4 —+330721
3 —+329658
2 —-328173
1 —+326112
0 —-323271
-1 —+319399
-4 — 314204
-3 —-307383
—4 —+298691
-5 —-288025
—6 —+275503
-1 —-261464
-8 —+246377
-9 —+230712
—10 —+214873
—11 —-199178
—12 — 183863
—13 —-+169105
- 14 —-155024
—15 —-141701
—16 —-129186
—-17 —-117499
—18 —+106645
—19 —+0966089
—-20 —+0873678
—21 — 078889
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- 166659
-166656
166652
166646
:166637

-166625
166608
166584
-166549
-166501

166432
166334
166197
166002
:165728

165340
164792
164019
162929
1161394

159239
166221
152017
146206
138275

-127687
-114074
0976605
— 0797349
— 0623878

—+0473012
—+0350983
— 0256643
—-0185777
—+0133542

—+00955262
—-0068100

— 0999947
— 0999925
—+0999894
— 0999850
—-0999788

—-+0999701
—-0999577
—-0999402
—+0999154
—-0998803

—+0998307
— 0997606
—-0996615
—-0995214
—-0993232

—-0990431
—-0986471
— 0980876
—+0972972
—-0961816

—+0946082
—+0923934
— 0892851
—-0849478
— 0789633

—-0708959
—+0605501
— 0485727
—-0368014
—-0269451

—+0194102

[

3
§ =12
—-0666629
—-0666614
— 0666592
—-0666561
—+0666517

‘0666455
0666367
— 0666242
— 0666067
—-0665818

|

—-0665467
—-0664969
— 00664266
—-0663272
—-0661866

—-0659878
—-0657066
—-0653090
— 0647467
—+0639517

—-0628280
—+0612403
— 0589997
— 0558464
—-0514393

—+0453963
—-0375521
—-0287035
—+0207442
—-0146940

0103595

|

—-00729959
—-00514608

—-0036303
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TABLE 4 (cont.)

—-0476163
0476152
0476135
—-0476113
—+0476080

|

—-0476035
— 0475970
— 0475879
— 0475750
— 04755667

—-0475309
—-0474943
— 0474426
— 0473696
— 0472662

—+0471200
—+0469131
— 0466205
— 0462065
— 0456206

—-0447912
—-0436169
—-0419538
— 0395996
—+0362764

0316464
—-0255385
—-0187925
—-0131720

— 00916557

—-00639410
—-00447591

0031420

0357122
‘0357113
0357101
-0357084
0357059

‘0367024
0356975
0356905
0356807
10356668

0356471
0356193
0355799
0355242
0354454

10353340
0351764
03495633
0346375
0341903

0335568
0326586
‘0313837
‘0295719
0269963

0233594
‘0184787
‘0131868
00905670
00623696

00432584
0030175

0277761
—-0277755
— 0277745
—-0277731
—-0277712

—-0277685
—-0277646
—-0277591
—-0277514
—-0277405

— 0277250
—+0277032
‘0276723
(0276285
10275667

|

0274791
—+0273553
—-0271800
—+0269319
—-0265803

—+0260820
—+0253748
—-0243695
—-0229371
—-0208903

—-0179692
—-0139821

— 00972992
—-00659017
— 00450909

|

00311649

— 0222209
—+0222204
—-0222196
—-0222185
—-0222169

—+0222147
—-0222116
—+0222072
—+0222010
—+0221922

—-0221798
—-0221622
—-0221373
—-0221021
—-02205623

—-0219818
—-0218821
—+0217409
—-0215410
—-0212578

0208561
— 0202857
—-0194740
0183153
—-0166536

—+0142617
—-0109441
—+007458(
—-005002¢C
—-003407¢


http://rsta.royalsocietypublishing.org/

Downloaded from rsta.royalsocietypublishing.org

THE EIGENFUNCTIONS OF LAPLACE’S TIDAL EQUATIONS 593

TABLE 4 (cont.)

logyy(—7) n—s5s=0 1 2 3 4 5 6 7
s=3
24 —-249999  —-149997  —-0999970 —-0714262 —-0535695 —-0416651 —-0333321 —-0272717
23 —.249998  —.149995  —-0999958 —-0714252 —-0535688 —-0416645 —-0333316 —-0272713
22 —.249998  —-149993  —-0999941 —-0714238 —-0535677 —-0416636 —-0333308 —-0272707
21 —-249996  —-149990  —-0999916 —-0714219 —-0535661 —-0416624 —-0333298 —-0272698
20  —-249995  —-149987  —-0999882 —-0714191 —-0535639 —-0416606 —-0333283 —-0272686
Py 19  —.249993  —-149981  —-0999833 —-0714152 —-0535608 —-0416581 —-0333263 —-0272669
T 18  —-249990  —-149973  —-0999763 —-0714096 —-0535563 —-0416545 —-0333234 —-0272644
~ 17 —-249986  —-149962  —-0999665 —-0714018 —-0535501 —-0416494 —-0333192 —-0272610
> 16 —-249980  —-149946  —-0999526 —-0713907 —-0535412 —-0416423 —-0333134 —-0272561
§ >~ 15 —-249971  —-149924  —-0999330 —-0713750 —-0535287 —-0416322 —-0333051 —-0272492
@) E 14 —-249959  —-149892  —-0999053 —-0713527 —-0535110 —-0416179 —-0332934 —-0272395
e 13 —-249943  —-149847  —-0998660 —-0713213 —-0534860 —-0415978 —-0332769 —-0272258
=) 12 —-249919  —-149784  —-0998106 —-0712769 —-0534506 —-0415692 —-0332535 —-0272063
TO 11 —-249885  —-149694  —-0997321 —-0712141 —-0534006 —-0415288 —-0332204 —-0271788
i 10 —-249838  —-149568  —-0996212 —-0711253 —-0533298 —-0414717 —-0331736 —-0271398
1] 9  —.249770  —-149389  —-0994644 —-0709997 —-0532297 —-0413909 —-0331074 —-0270848
vs 8  —-249675 —-149136  —-0992428 —-0708221 —-0530881 —-0412767 —-0330138 —-0270069
T= 7 —-249542  —-148779  —-0989296 —-0705711 —-0528879 —-0411151 —-0328813 —-0268967
50 6  —-249353  —-148276  —-0984872 —-0702162 —-0526048 —-0408865 —-0326939 —-0267407
85’ 0 5  —-249087  —-147566  —-0978625 —-0697146 —-0522044 —-0405631 —-0324287 —-0265199
Z
:3'§ 4 —.248713  —-146567 —-0969813 —-0690061 —-0516382 —-0401055 —-0320532 —-0262072
o= 3 —.248189 —-145162 —-0957395 —-0680057 —-0508378 —-0394579 —-0315215 —-0257643
2 —.247456  —-143195  —-0939933 —-0665947 —-0497065 —-0385414 —-0307682 —-0251362
1 —-246436  —-140450 —-0915456 —-0646085 —-0481090 —-0372442 —-0297003 —-0242446
0  —-245026 —-136647 —-0881342 —-0618235 —-0458581 —-0354096 —-0281857 —-0229776
~1  —-243097 —-131432  —-0834282 —-0579493 —-0427033 —-0328225 —-0260395 —-0211752
—2  —.240489  —-124402 —-0770596 —-0526554 —-0383469 —-0292149 —-0230209 —-0186213
—3  —-237024 —-115179  —-0687508 —-0457132 —-0325815 —-0243888 —-0189366 —-0151267
—4  —-232526 —-103595 —-0586207 —-0373953 —-0257584 —-0187319 —-0141865 —-0110888
—5  —-226856  —-0899609 —-0475430 —-0288494 —-0191388 —-0135266 —-0100229 —-00770299
—6  —-219951 —-0752223 —-0369155 —-0213922 —-0137818 —-00955574 —-00698968 — 00532364
—7  —-211855  —-0606799 —-0277858 —-0155317 —-00980785 —-00671992 —-00487854 —-0036971
—8  —-202718  —-0474560 —-0204895 —-0111545 —-00694985 —-00472587 — —
L, -9  —-192756  —-0361906 —-0149076 —-00796349 —-00491687 — — —
< -10 182208 —-0270598 —-0107500 —-00566584 — — — —
> —11  —-171307 —-0199303 —-00770537 — — — — —
< S —12 160261 —-0145148 — — — — — —
> [ =13 —149248  —.0104836 — — — — — —
O -14 —138416 — — — _ — — —
& —15  —-127883 — — — — — — —
=hey 16 117743
E 8 ~17  —-108064 — — — — — — —
—18  —-0988939 — — — — — — —
—19  —-0902642 — . — — — — —
—20  —-0821904 — — — — — — —
—21  —-074676 — — — — — — —
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TABLE 4 (cont.)

logy,(=9) n—s= 1 2 3 4 5 6 7
s=4
24 —-199999  —-133332  —-0952363 —-0714270 —-0555542 —-0444433 —-0363627 —-0303022
23 —-199999  —-133331  —-0952355 —-0714263 —-0555537 —-0444428 —-0363623 —-0303019
22 —-199999  —-133330  —-0952344 —-0714254 —-0555529 —-0444422 —-0363617 —-0303014
21 —-199998  —-133328  —-0952329 —-0714241 —-0555518 —-0444412 —-0363609 —-0303007
20  —-199997  —-133326  —-0952308 —-0714222 —-0555502 —-0444399 —-0363598 —-0302997
19 —-199996  —-133323  —-0952278 —-0714196 —-0555479 —-0444380 —-0363582 —-0302984
18 —-199994  —-133319  —-0952235 —-0714158 —-0555448 —-0444354 —-0363559 —-0302964
17 —-199992  —-133312  —-0952174 —-0714106 —-0555403 —-0444316 —-0363527 —-0302937
16 —-199989  —-133304  —-0952088 —-0714031 —-0555340 —-0444263 —-0363482 —-0302898
15 —-199984  —-133291  —-0951967 —-0713926 —-0555251 —-0444187 —-0363418 —-0302844
14 —-199977  —-133274  —-0951796 —-0713776 —-0555125 —-0444081 —-0363328 —-0302767
13 —-199968  —-133249  —-0951553 —-0713565 —-0554946 —-0443930 —-0363200 —-0302657
12 —-199955  —-133215  —-0951211 —-0713267 —-0554694 —-0443717 —-0363019 —-0302503
11 —-199936  —-133166  —-0950726 —-0712845 —-0554337 —-0443416 —-0362764 —-0302284
10 —-199909  —-133096  —-0950041 —-0712249 —-0553832 —-0442990 —-0362402 —-0301975
9  —-199872  —-132998  —-0949072 —-0711405 —-0553118 —-0442387 —-0361891 —-0301538
8  —-199819  —-132859  —-0947703 —-0710213 —-0552108 —-0441535 —-0361168 —-0300919
7 —-199744  —-132663  —-0945768 —-0708527 —-0550681 —-0440330 —-0360145 —-0300044
6 —-199638  —-132387  —-0943035 —-0706144 —-0548662 —-0438626 —-0358698 —-0298806
5  —-199489  —-131997  —-0939176 —-0702778 —-0545809 —-0436215 —-0356652 —-0297055
4 —-199280  —-131447  —-0933730 —-0698023 —-0541777 —-0432807 —-0353757 —-0294578
3 —198986  —-130673  —-0926056 —-0691312 —-0536079 —-0427988 —-0349662 —-0291071
2 —-198575  —-129588  —-0915255 —-0681850 —-0528034 —-0421176 —-0343867 —-028610¢
1 —198001 —-128070  —-0900096 —-0668530 —-0516685 —-0411550 —-0335670 —-0279074
0  —-197206  —-125956  —-0878904 —-0649837 —-0500705 —-0397962 —-0324075 —-0269114
—1  —196112  —-123035  —-0849479 —-0623742 —-0478204 —-0378831 —-0307699 —-025501(
-2 —-194624  —-119043  —-0809088 —-0587688 —-0447124 —-0352066 —-0284668 —-023508¢
-3 —-192628  —-113679  —-0754747 —-0538890 —-0404611 —-0315264 —-0252755 —-020728]
—4  —-190003  —-106654  —-0684170 —-0475548 ---0349245 —-0267075 —-0210687 —-017035¢
—5  —-186632  —-0977977 —-0697779 —-0399634 —-0284019 —-0211146 —-0162512 —-012858]
—6  —-182428  —-0872119 —-0500926 —-0319204 —-0218461 —-0157641 —-0118498 — -009200!
-7  —-177353  —-0753733 —-0403159 —-0244710 —-0161966 —-0114186 —-00844319 —-006478
—8  —171432  —-0630657 —-0313666 —-0182448 —-0117688 —-00816389 —-00597279 — -004549!
—9  —-164750  —-0511477 —-0237737 —-0133623 —-00845952 — -00580406 — —
—10  —-157427  —-0403229 —-0176718 —-00967484 —-0060439 — — —
—11  —-149608  —-0310186 —-0129511 —-0069526 — — _
—12  —-141437  —-0233806 —-00939459 — — — — -
—13  —-133057  —-0173392 — — — — — —
—14  —-124596  —-0126977 — — — — — -
—15  —-1161170 — — — — — — —
~16  —-107879 — — — — — — —
—17  —-0998049 — — — — — — —
—~18  —-0920156 — — — — — — -
—19  —-0845631 — — — — — — ~
—20  —-0774856 — — — — — — _
—21  —-070809 — — — — — —
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TABLE 4 (cont.)

logyo(—7) n—s=0 1 2 3 4 5 6 7
s =25H
24  —-166666  —-119047  —-0892845 —-0694433 —-0555546 —-0454537 —-0378780 —-0320506
23 —-166666  —-119046  —-0892840 —-0694429 —-0555542 —-0454533 —-0378777 —-0320503
22 —.166666  —-119045  —-0892833 —-0694422 —-0555536 —-0454528 —-0378773 —-0320500
21 —.166665  —-119044  —-0892823 —-0694413 —-0555528 —-0454521 —-0378766 —-0320494
20 —-166665  —-119043  —-0892809 —-0694400 —-0555516 —-0454511 —-0378758 —-0320486
o 19 —.166664  —-119041  —-0892789 —-0694381 —-0555499 —-0454496 —-0378745 —-0320475
<[, 18  —-166663  —-119039  —-0892760 —-0694355 —-0555476 —-0454476 —-0378727 —-0320460
! 17 —-166662  —-119035  —-0892720 —-0694318 —-0555443 —-0454447 —-0378702 —-0320438
< 16 —.166660  —-119030  —-0892663 —-0694265 —-0555397 —-0454406 —-0378666 —-0320407
— E 15 —.166657  —-119022  —-0892583 —-0694191 —-0555331 —-0454349 —-0378616 —-0320362
2 35} 14 —-166653  —-119011  —-0892470 —-0694086 —-0555238 —-0454267 —-0378545 —-0320300
— 13 —-166647  —-118996  —-0892309 —-0693937 —-0555106 —-0454152 —-0378444 —-0320212
= O 12 —.166639  —-118975  —-0892082 —-0693727 —-0554920 —-0453989 —-0378302 —-0320088
= O 11 —-166627  —-118945  —-0891761 —-0693430 —-0554656 —-0453759 —-0378101 —-0319911
=w 10 —-166611  —-118903  —-0891308 —-0693010 —-0554284 —-0453433 —-0377816 —-0319662
=l )
3z 9 —.166588  —-118843  —-0890666 —-0692416 -—-0553757 —-0452972 —-0377414 —-0319310
= o 8 —+166556  —-118758  —-0889759 —-0691577 ---0553013 —-0452320 —-0376845 —-0318811
= 7 —+166510  —-118638  —-0888478 —-0690390 -—-0551960 —-0451399 —-0376040 —-0318106
025 6 —-166445  —-118469  —-0886668 —-0688713 -—-0550472 —-0450096 —-0374901 —-0317109
8(2 5 —-166354  —-118230  —-0884113 —-0686344 —-0548369 —-0448254 —-0373292 —-0315699
]
T 4 —.166226  —-117894  —-0880506 —-0682998 -—--0545397 —-0445650 —-0371015 —-0313705
= 3 —-166045  —-117420  —-0875422 —-0678276 —-0541199 —-0441969 —-0367797 —-0310883
2 —-165792  —-116755  —-0868265 —-0671619 —-0535274 —-0436770 —-0363246 —-0306893
1 —.165439  —-115823  —-0858213 —-0662248 ---0526920 —-0429429 —-0356815 —-0301248
0 —-164948  —-114522  —-0844140 —-0649090 —-0515162 —-0419077 —-0347732 —-0293265
-1 —+164270  —-112718  —-0824543 —-0630696 —-0498667 —-0404514 —-0334922 —-0281984
-2 —-163343  —-110237  —-0797481 —-0605170 ---0475669 —-0384123 —-0316922 —-0266084
-3 —-162091  —-106869  —-0760625 —-0570226 ---0444003 —-0355883 —-0291858 —-0243833
—4 —-160428  —-102381  —-0711569 —-0523585 ---0401528 —-0317775 —-0257814 —-0213410
-5 —-158264  —-0965561 —-0648671 —-0464168 —-0347582 —-0269419 —-0214587 —-0174713
-6 —-155519  —-0892726 —-0572535 —-0394193 —-0285610 —-0215148 ~—-0167141 —-0133138
-7 —+152135  —-0805912 —-0487293 —-0320230 —-0223551 —-0163479 —-0124032 —-00969458
) -8 —.148093  —-0708133 —-0399943 —-0250369 —-0168845 —-0120465 —-00897840 — -00692660
P | -9 —+143412  —-0604500 —-0317655 —-0190117 —-0124620 —-00872869 — -00642549 —_
=y -0 —-138145  —-0501132 —-0245419 —-0141363 —-00906539 —-0062659 —_ —
—
< —~11 —-132373  —-0403838 —-0185436 —-0103561 —-0065337 — — —
= 12 —+126189  —-0317046 —-0137702 —-0075080 —_ — — —
O -13 —-119694  —-0243257 —-010091 — — — — —
M -4 112989 —-0183071 - — — — — —
mo b —.106170  —-013564 — — — — — —
TO  _16  —-0993285 — — — — _ — _
v 17 0925453 — — — — — — —
—~18 —-0858917 — — — — — — —

—19 —+0794276 — — —_ _— _— — —
-20 —+0732023 e — — —_ — — —_

— 067254 — — — - — — —
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TABLE 5. EIGENVALUES A WHEN ¢ > 0 AND s = 0, 1, 2, ..., 5,
INTERPOLATED AT GIVEN VALUES OF ¢

e = 10¢ 103 102 10 1 10! 102
s=0
y =6 +-35761 + 62393 + 1-:0462 + 24695 +7-51623 +23-6747 + 74-8364 no—§ ==
5 32941 -57664 ‘97274 2:1674 6-51856 20-5059 64-8112
' 4 29836 -52400 -89316 1-8697 5-52160 17-3346 54-7767
< ,;f]; g 3 -2634.8 46424 -80067 1-5782 4-52567 14-1591 44-7267
o~ 2 :22299 39416 68776 1-2925 3-53099 10-9757 34-6477
— 1 -17299 :30682 54165 -99580 253470 7-77356 24-5036
< S 0 -10013 17856 -32075 -60365 1-48174 4-49439 14-1492
S - ' =0 -00000 -00000 -00000 -00000 0-00000 0-00000 0-0000
e E s=1
MO -6 356821 -62702 1-09879 2:76592 8:50701 26-83496 84-84.876 n—s =
I O 5 -33008 57992 1-01556 2-45780 7-50663 23:66562 74-82746
=w 4 :29915 52759 92786 2-15098 6-50560 20-49367 64-79920
—n 3 -26445 46836 -83052 1-84500 5-50316 17-31741 5475990
5 Z 2 22427 -39927 $71662 1-63721 4-49732 14-13320 44-70146
T 9 1 -17498 31419 57504 1-21665 348187 10-93212 34-60551
el o 0 -10529 -19550 37963 84590 2-43159 7-68509 24-41884
8 2 8 V' =90 -010025 ‘031877 -10263 34457 123068 4-24517 13:89959
%)
gz y =6 —-:35732 — 62292 —1-00837 —2-17787 —6-52971 —20-51751 —64-82301 n—s =
I§ 5 —-32905 —+57549 —+95051 —1-88459 — 553707 —17-35080 — 5479322
A= 4 —-29791 — 52264 —+88030 —1-60193 —4-54865 —14-18334 —44-75147
3 —+:26290 —+46251 —+79130 —1:34003 —3-56900 —11-01583 —34-68888
2 —-22216 —+39171 — 67845 —-1-11186 —2:61292 —T7-85329 —24-58566
1 —-17154 —-30258 —+52836 —-88188 —1-74147 —4-74640 —14-39971
0 —-095215 —-16309 — 27096 —+41399 — 48797 — 49875 —+49988 n'—s =
v =1 —-0033317 —-010523 —+033085 —-094951 — 15297 —-16515 —-16651
2 —-0020071 —-0063967 —+020706 —-058026 —-079750 —+082960 —+083296
3 —-0014385 —+0046186 —+015349 —+039534 —+048715 —+049869 —+049987
4 —-0011221 —-0036284 —-012368 —-028377 —+032766 —+033276 —-033328
5 —-00092084 —-00299800 —+01045 —+021192 —-023521 —+023780 —+023807
s =2
y =06 35911 63213 1-16127 3-06661 9:50061 29-99678 94-85972 n—s =
) 5 33107 58527 1-:07154 2-75461 8:49881 26-82762 84-84169
T’ 4 -30028 563335 ‘97793 244243 7-49586 23:65612 74-81838
~ 3 26579 47480 -87656 2:12905 6-49086 20-48090 6478703
— 2 22598 40691 ‘76174 1-81173 548181 17:29931 5474279
< S 1 17747 -32438 62445 1-48294 4-46384 14-10562 44-67565
= ~ 0 -11071 -21388 44708 1-12243 3:42299 10-88512 34-56217
8 L V' =0 +020050 063753 20520 -68283 2:31222 7-58910 24-33137
-
= v=6 —-35732 —+62399 —1:05136 —2:48130 —7-53188 —23-69186 —74-854056 n—§ =
E O 5 —-32902 — 57650 —-97815 —2-18220 —6-53902 —20-52858 —64-83465H
| ) 4 —-29782 —+52355 — 89834 — 1-88880 —5-54950 —17-36608 — 5480943
3 —-26272 —+46323 —-80506 —1:60359 —4-56600 —14-20584 —44-77567
::‘ ‘2 2 —-22178 —+39206 —+69022 —1:32654 —3:59452 —11:05228 —34-72888
EO 1 —-17066 —-30176 —+53809 —1-03662 — 264888 —7-92278 —2-46647
€L = 0 —-090556 —+14907 —+22997 —-30561 —+32990 —+33298 —+33330 -5 =
8 QL v =1 —-0066038 —+020441 —+059794 —+13042 —-16184 —+16617 —-16662
(72) 5 °© 2  —-0039906 —-+012542 —-+038242 —-082513 —-097883 —+099784 —-099978
9 .4 3 —-0028644 —+0090976 —+028507 —+057808 — 065658 — 066564 —+066656
T é 4 —-0022365 —+0071660 —+022886 — 042775 — 047087 — 047565 —+047614
O p= 5 —-0018361 —+0059307 —+019149 —-032874 —+035410 —+035684 —+035711

— bW Tt~

f)
=

=N WH T

— DO 0 > Tt

SN~ O D

U v

O= N W Tt

T W — O~ bW Tt
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TABLE 5 (cont.)

¢ = 104 10° 102 10 1 101 102
s=3
v =0 36030 +63920 1-23100 3-37065 10-49612 33-15947 104-8694 n—s
5 33238 -59263 1-13684 3-05616 9:49358 29:99076 94-85401
4 30175 -54120 1-:03912 274082 8:48979 26-82003 84-83455
3 26751 48343 ‘93486 2:42354 7-48394 23:64626 74-80915
2 22811 41691 -81956 2:10200 6-47437 20-46756 6477467
1 -18044 -33705 -68610 1-77090 5:45764 17-28029 54-72538
0 11637 23366 52197 141797 4-42553 14-07639 44-64932
P’ =0 -030075 095629 -30769 1-01549 3:35560 10-83485 34-51774
y =6 —-35763 —-62714 —1-10756 —2:78512 —8:53172 —26-86173 —84-87618 n—s
o 5 —-:32930 — 57965 —1-02479 —2:48128 —7-53792 —23-69987 —74-86272
\f"ili J‘ 4 —-29809 —+52671 —+93702 —2-18028 —6:54649 —20-53906 —64-84610
— N 3 —+26293 — 46643 —+83865 —1-88228 —5:55885 —17-38041 —54-82538
< 2 —22187 —+39523 —72174 —1-568501 —4-57756 —14-22660 —44-79934
S > 1 —-17037 —-30455 —+57068 —1-27502 —3:60686 —11:08498 —34-76775
o = 0 —-086147 —-13645 —+19684 —+23883 - ~2487%3 — %igg’; — %iggg n—s
=y =1 —-0097593 —+029237 —+076911 —+13253 --+1479 —- —
= et 2 —-0059277 —-018215 — 050922 — 089365 —-+098804 —+099879 —+099988
) 3 —+0042656 —+013311 —+038410 —065141 —-070742 —-071359 —+071422
I O 4 —-0033355 —+010529 —+030902 —+049728 —+053160 —+053530 —-053567
=w 5 —-0027410 -—+0087377 —+025791 —+039216 —+041408 —-041641 —+041664
)
<z s=4
o
T 9 p =0 36177 -64816 1-30627 3-67725 11:49292 36:32266 114-8780 n—s
9-5 i 5 33399 60191 1-20904 3:36116 10-49005 33:15446 104-8647
8< © 4 30355 55101 1-10852 3:04395 9-48597 29-98456 94-84826
O (2 3 26959 49413 1-00236 2:72462 847999 26:81219 84-82730
= § 2 23064 42907 88702 240131 747086 23:63602 74-79977
E = 1 -18385 35194 +75693 2:07021 6-45615 20:45366 64-76213
0 -12229 25476 60291 1-72341 5-43074 17-26036 54-70768
" =0 <040100 -12750 41004 1-34414 4-38266 14-04554 44-62245
vy =6 —-35823 — 63235 —1-17266 -3-09047 — 953062 —30-02903 —94-89271 n—s
5 —-:32992 — 58492 —1-08358 —2-78323 —8:53586 —26-86778 — 84-88284
4 —-29871 —+53212 —-+99010 —2:47729 —17:54275 — 2370750 —74-87124
3 —-26354 — 47206 —+88780 —2:17217 —6-55210 —20-54897 —64-85738
2 —-:22243 —+40121 — 76977 —1:86553 — 556507 —17-39380 —54-84099
1 —-17069 —31104 —+62248 — 1-54887 —4-58323 — 1424560 —44-82245
0 —-081982 —-12515 —-17028 —-19475 —-19942 — 19994 —+19999
v =1 —-012746 —+036556 — 085152 —-12424 —+13233 —+13323 —13332 n'—s
2 —-0077971 —+023246 — 058754 — 088704 —+094531 —+095167 —+095231
3 —-0056305 —+017156 — 045060 — 067086 —+070966 —-071382 —-071424
g 4 —-0044116 —-013649 -+036505 —+052658 —+0556251 —+055525 — 0565552
> (B 5 —+0036303 —-011367 —+030552 —-042468 —+044239 —+044424 -044442
gl
- s=25
<
> oy =6 36353 +65891 1-38587 398580 12-49064 39:48610 124-8856 n—s
5 = 5 33590 -61301 1-28648 3:66869 11-48765 36:31841 114-8741
e 28] 4 -30568 -56269 1-18407 3:35038 10-48356 33:14930 104-8600
— 3 27202 50674 1:07676 3:03001 947779 29-97818 94-84243
= O 2 23357 44320 ‘96172 2-70611 8:46940 26-80410 84-82000
E O 1 -18768 -36875 83461 2:37590 7:45665 23-62542 74-79030
=w 0 -12844 27707 -68853 2-03404 6:43623 2043920 64-74942
:t“n v =0 <050126 -15938 51226 1-66997 540117 17-23952 54-68967
Z
29 v=6 -—-35914 — 63954 —1-24438 —3:39745 —10-52917 —33-19477 —104-9055 n—s
El— 5 —-33085 — 59225 —1:15102 —3:08781 —9:53358 —-30-03375 —94-89800
O&t) 8 4 —-29968 —+53971 - 105363 — 277866 —8:53916 —26-87357 — 84-88943
8 72} 3 —-26454 — 48007 — 94873 —2-46938 —7-54638 —23-71475 —174-87961
= Z 2 —-22346 —+40993 —-83059 —2-15805 —6-55582 — 2055830 — 64-86847
Ié 1 —-17165 —+32110 — 68842 —1-83919 —5-56813 —17-40621 —54-85633
=ol= 0 —-078057 —+11507 — 14898 —-16391 —+16637 —-16664 —16666 n'—s
V=1 -—-015521 —-042244 —+087229 —-+11391 —+11850 —-11899 —+11904
2  —-0095802 —+027532 —+062725 —+065126 —+088846 —-+089241 —-089281
3 —-0069485 —+020563 —+049022 —+066419 —+069127 —+069413 —-069441
4 —-0054587 —+016472 —-040113 —+053390 —+055330 —+055533 —+055553
5 —-:0044992 —-013779 —+033771 —+043894 —+045293 —-045438 —+045453
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TABLE 6. EIGENVALUES A WHEN ¢ << 0 AND § = 0, FOR GIVEN VALUES OF J
log./s| 1| v =20 0 1 1 2 2 3 3

9 4+-005643737 +-00352334 +-00124769 +1-000987967 +-000536440 +-000457407 +-00029648 +-0002627
8 00768885  -00498264  -00176449  -00139719 ‘000758640  -000646871  -00041929  -0003715
7 0108715 00704618  -00249534  -00197592 -00107288 000914812 -00059297  -0005254
6 0153687 00996387  -00352887  -00279435 00151727 00129374 00083858  -0007431
5 0217176 0140884 00499034  -00395174 00214572 -00182961 0011859 -001051
4 0306656 0199165 00705676  -00558842 00303446 00258744 -0016772 -001486
3 0432340 0281451 ‘00997794 00790267 00429122 100365914 0023718 002102
2 0607715 0397437 0141058 ‘0111745 00606826 ‘00517464 0033542 -002972
1 0849361 0560396 0199339 0157989 -00858058 ‘00731758 0047433 004203
0 117473 ‘0787894 0281497 0223307 0121313 0103473 0067074 -005944
-1 -159599 -110163 0396945 -0315460 ‘0171464 0146296 00948402  -00840517
—2 -211029 -152460 ‘0558169 0445161 0242209 0206788 0134075 0118846
-3 -269383 -207288 0780658 0626853 0341758 0292145 ‘0189473 0168014
—4 -331056 -274155 -108107 0879073 -0481150 0412321 0267568 0237439
-5 393143 -349361 147191 122323 -0674495 0580780 ‘0377311 10335314
—6 454472 +426846 195311 167862 0937979 0814919 ‘056305683  -0472875
-1 514866 -500892 250788 225166 -128614 -113515 ‘0742141 0665049
-8 573734 568207 311281 -292316 172484 156061 102794 10930419
-9 629591 627933 -375234 -364761 -224627 -209957 140044 128907
—10 680837 680474 441403 437318 -283551 273736 -186228 -175609
—~11 726568 726513 507474 -506404 -347991 343504 -240628 -233043
—12 766657 766652 -570536 -570358 415989 +414698 -302295 +298695
—13 801433 801432 628517 628500 484188 483972 369518 -368504
—14 -831395 831395 680537 680536 -549317 649297 438892 438740
—15 -857086 -857086 726484 -726284 609382 609381 506685 506674
—16 -879032 -879032 766628 766628 663516 663516 -570326 570325
—-17 897724 897724 801419 801419 711526 711526 628450 628450
—18 913609 913609 831389 -831389 753604 753604 1680509 -680509
—19 -927082 927082 -857083 -857083 790161 790161 726471 726471
—20 -938492 038492 -879030 -879030 -821709 -821709 766621 766621
—21 948144 048144 897724 -897724 -848796 -848796 801416 801416
—22 956300 956300 913608 913608 -871960 -871960 83139 -83139
—23 963186 963186 927082 927082 -89171 89171 — —
—24 968996 968996 938492 938492 — — — —
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TaABLE 7. EIGENVALUES A WHEN ¢ < 0 AND s = 1, 2, ..., 5.
MODES TRAVELLING EASTWARDS
logo(—19) v =20 0 1 1 2 2 3 3
s=1

-1 400749421 00749421 00200622 00200622 000903727 000903727 — —
-2 10297842 0297744 00860000 00860000 00393970 00393970 00224041 400224041
-3 -0663914 -0659819 0207592 0207541 00970997 00970989 00556592 100556592

—4 -116858 114499 +0396389 0395012 <0189891 -0189806 -0109940 *0109934
-5 -179618 -173904 -0666980 -0658100 0327858 0326644 -0191980 -0191792
. { —6 -250897 242764 -103518 -100766 0524491 -0518132 -0310916 -0309363
<<, -7 -325891 -318218 -150998 -145690 0796397 -0777601 0479177 <0472847
—_ -8 400756 :395742 208376 -201426 115970 -112222 0712454 <0695917
< -9 473068 470779 273189 -266954 -162274 -156928 -102756 <0996427
> E —10 541087 540367 342466 338732 217926 212549 143707 -139351
2 = -11 603430 -603279 413465 412032 281087 277488 -194268 -189894
— —12 +659301 +659281 483362 483027 349408 347925 253427 250531
O —13 708567 708565 549520 549475 419923 419577 319364 -318232
= @) —-14 751530 751530 +610204 +610200 489239 489197 -389210 -388977
=w —15 788706 -788706 -664666 +664666 -554638 -554636 459296 459273
7))
5 Z —16 -820688 -820688 712812 712812 614565 614565 526486 526485
T 9 —17 848079 848079 754907 7564907 -668357 -668357 -588805  -588805
n.b . —18 871456 871456 791409 791409 715928 715928 645254 -645254
8 <0 —19 891352 891352 822865 822865 7157534 757534 +695508 +695508
e} ‘2 —20 -908250 908250 849842 -849842 793622 +793622 739681 ‘739681
o .
E§ —-21 -922575 -922575 -872891 872891 824728 824728 *778141 <778141
= —22 934702 934702 892526 -892526 -851410 -851410 81139 -81139
—23 -944956 944956 -909213 909213 87421 87421 — —
—24 -953619 -953619 +92337 92337 —_ —_ — —
s=2

-3 00681816 00681816 00256432 00256432 100132482 00132482 — —
-4 -0279210 0279209 -0110048 -0110048 -00576745 100576745 00352863 100352863
-5 0641378 +0641102 0266550 0266544 0142100 0142099 -00875826 00875826

—6  -115501 115197 0510630  -0510305  -0277981  -0277953  -0172920  -0172918
~7 180314 179343 0858198 -0855372 0479552 0479001  -0301788  -0301683
—8 254614 252145 1132058 1131101 0763457  -0760129 0487652  -0486628
-9 333255 -331995 -189506 187798 114572 113587 0746887 0742474
4 10 411649 410996 255953 254179 163445 161737 1109628 -108539
< 11 486472 1486265 327924 326839 222240 220442 1154693 153002
2‘ —~12 555567 555528 401722 401341 288732 287621 209739 208108
S~ 13 617806 617802 473938 473865 359792 359415 273227 277318
~ 14 672888 -672888 541912 541905 431832 431768 342457 342195
8 o =15 721038 721038 1604054 604054 501538 501533 413852 413818
|
MO —16 762759 762759 659704 659704 -566600 566599 483866 1483864
TO -l1 798675 798675 708808 708808 625774 625774 -549902 549902
o  —18 820444 829444 151672 151672 678596 678596 610443 610443
~19  -855706 855706 788790 788790 725109 725109 664809 -664809
5‘2 —20  -878056 -878056 820737 820737 1165654 165654 712896 712896
EE —21  -897034 897034 -848108 848108 -800730 -800730 154956 154956
0. —22 913121 913121 871473 871473 830901 -830901 — —
agO —23 926737 926737 891362 -891362 — — — —
Oz —24  -938248 1938248 90826 -90826 — — — —
Ta
O =

75 Vor. 262. A.
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600 M. S. LONGUET-HIGGINS
TABLE 7 (cont.)
logyy(—g) v =0 0 1 1 2 2 3 3
s =3

—4 +00396198 00396198 00181350 00181350 — — —
-5 -0198851 0198851 00942807 00942807 00543198 00543198 00351618 00351618

—6 0492706 0492699 0242541 10242541 0141821 0141821 00924621 00924621
-1 -0932565 0932331 10479442 0479412 0285294 0285291 0187591 0187590

) §
PN

Y & |
s \

-8 -151730 -151596 -0822441 -0821960 -0500313 -0500204 -0332518 0332495
-9 2222177 221996 -128448 -128226 -0804450 ‘0803517 -0542300 ‘0541975
— 10 300270 299985 -186479 -186021 -121349 121024 ‘0834297 ‘0832590
d
h —11 -380396 -380242 254209 253722 173376 172792 -122472 122021
—12 458205 458160 327877 327604 -235466 -234900 172164 171499
—13 -530715 -530708 403240 403162 304877 304590 231828 -231287
-4 596346 -596345 476557 476546 377866 377795 299186 298963
— 15 -654572 654572 -545168 545167 450577 450570 :370772 -370731
—16 2705519 705519 607600 -607600 519922 519921 442746 442743
- 17 749669 749669 -663292 -663292 583950 583950 511914 511914
-18 787662 787662 712273 ‘712273 641710 -641710 576177 576177
—19 820192 820192 -754910 754910 692944 +692944 634431 +634431
—20 847940 847940 791746 $791746 737837 7378317 -686299 686299
. —-21 -871539 871539 -823391 823391 776820 776820 731881 $731881
0 —22 -891566 -891566 -850458 -850458 -810443 810443 —— -
—23 -908532 -908532 873534 -873534 —_ — — —
—24 022886 -922886 —— - e — — ——
s =4
-5 -00493314 -00493314 -00259595 -00259595 —— — — —
—6 0204630 +0204630 -0110880 -0110880 ‘00688613 -00688613 00467318 -00467318
-1 0480602 -0480602 -0268308 -0268308 :0168952 -0168952 0115509 -0115509
-8 10892687 -0892648 ‘0515412 ‘0515393 -0329711 0329710 -0227327 -0227327
-9 144732 -144705 0870549 870407 ‘0567958 0567913 -0395710 -0395698
- 10 212974 212912 -134723 -134656 0902051 -0901665 -0637306 ‘0637135
—11 289979 289915 -194425 -194289 -134688 -134560 0970181 -0969328
—12 370362 370330 263856 263728 190533 -190329 -140891 -140688
—13 449177 449169 338941 -338883 -256126 255966 -195661 -195415
—14 -522976 522976 415130 415117 328099 -328041 259886 259739
| —15 -589904 -589904 488604 488603 402287 402277 330463 330424
{ —16 649298 -649298 -556844 -556844 474862 474862 403419 403415
—17 2701241 $701241 -618552 -618552 543083 543083 475028 475028
—18 746211 746211 673319 -673319 -605380 -605380 542570 542570
—19 -784869 -784869 721287 721287 +661101 +661101 +604439 -604439
—20 -817933 -817933 762903 762903 710206 710206 -659927 +659927
—-21 -846107 -846107 798759 798759 753018 ‘753018 *708938 708938
—22 -870048 -870048 829493 -829493 790049 790049 — —
—23 -890350 -890350 -855734 -855734 — — — —
—24 -907536 ‘907536 — — — - - —
w
o
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~1

—2

-3

o -4

~Ny -5

= 6

— 0

— -7

olm -8

35} -9

= ~10
= O

ZO -1

w12

—13
=l )

3z —14

=0 ~15
=

oY 16

<o 16

8m —17

=Z -18

T ~19

-9y —920

—21

—22

—23

—24

vy =20

00796545
0250566
0534028
-0047276
149942

-217882
-204745
375137
-453981
527724

-594480
653603
705205
-749798
788070

-820758
848578
872195
-892203

n—s =0

—-501106
—+501565
—+502215
—+503135
—-504439

—+506288
—-508912
—-512641
—+517942
— 525478

—+536168
—+551218
—+572027
—-599722
—+634551

—-674572
— 716452
—+756741
—+793223
—-825082

— 852389
—-875593
— 895229
—-911809
—+925790

— 937567
—-947483
—+955829
—+962851
— 968758

— 973727
— 977906
—-981420
—+984376
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‘00796545
0250566
0534028
10947265
-149935

217867
294731
375132
-453980
527724

594480
653603
705205
749798
-788070

-820758
-848578
872195
-892203

00464987
0149946
0327622
10597512
0978447

148298
-210687
-282273
-358602
+435002

507817
-574804
634932
687987
734245

774234
-808589
-83797

1
s=25
‘00464987
-0149946
‘0327622

10597507
0978386

-148273
-210646
+282242
-358592
435001

507817
-574804
1634932
687987
734245

774234
-808589
-83797

TABLE 7 (cont.)

0030296 10030296
00989458 100989458
0219030 0219030
0405371 0405370
-0676031 0676002

104962 -104942
153874 153820
-214065 213998
-283162 -283125
-357178 357170
431768 431768
-503383 503383
569730 -569730
629650 629650
-682802 682802
-729346 729346
76973 76973

TABLE 8. EIGENVALUES A WHEN ¢ << 0 AND § === 1, 2, ...,
MODES TRAVELLING WESTWARDS

—-170759
—-172471
—-174908
—-178388
—-183372

—+190541
—+200905
—+215962
—+237894
—+269679

—+314659
—-374651
— 446744
—+522817
—+594406

—+657059
—+710171
—-754931
— 792817
—-825014

— 852381
—-875593
— 895229
—+911809
—+925790

—+937567
—-947483
—+955829
—-962851
— 968758

—-973727
—-977906
—-981420
—-984376

2

—-0853249
—+0861508
—-0873195
— 0889736
‘0913145

I

0946261
0993062
—-105905
115164
-128043

—-145681
—-169220
199393
—+235976
—-277672

—+323173
—-372622
—-427218
—+486678
— 547930

—+607012
—-661274
—-709684
—-752170
— 789075

—-820901
— 848203
—-871528
—-89139%4
—-008274

—-922589
—-934710
—+944961
—+953622

3
s=1
—+0511643
—+0516463
—-0523276

—-0532905
—+0546514

— 0565746
—+0592928
—-0631376
—-0685862
—-0763361

— 0874242
—-103398
—-126487
— 159553
—+205293

—+264363
—+333653
—+407104
—+478908
— 545767

—+606597
—-661222
—+709680
—+752170
— 789075

-820901
—+848203
-871528
—-891394
—-908274

— 922589
—+934710
—+944961
—+953622

4 5

—-0340971  —-0243495
—-0344129  —-0245726
—-0348590  —-0248878
—-0354890  —-0253325
—+0363783  —-0259598

—-0376328 —-0268439
—-0394016  —-0280889
—-0418943  —-0298407
—+0454059  —-0323048
—+0503512  —-0357725

—-0573096  —-0406625
—-0670761  —-0475885
—-0807006  —-0574647
—-0994729 —-0716484

—-124759 —+0920636
—-157563 —-121131
—-197884 —-161218
—-244678 —-213462
—+297262 —-276450
—-356120 — 346044
— 420553 — 417238
— 487076 — 486381
—-551564 —+551478
—-611363 —-611357
—+665330 —+665329
—-713193 —-713193
—+755126 —+755126
—-791536 —-791536
—+822939 —+822939
—-849885 —-849885
— 872916 —-872916
—+892541 — 892541
—-009222 —-909222
—-92337 —-92337

00699035

0155917
0291028
0490465

0772306
115448
164808
-224879
+293279

366171
-439439
-509740
-574903
633820

-68615

—+0182594
—+0184256
—+0186602
—-0189912
—-0194578

—+0201150
—+0210397
—-0223393
—+0241642
—+0267260

—+0303230
—+0353772
—-0424813
— 0524505
—-0663641

—+0855549
—-111448
—-145119
—-186704
—+235607

—-291806
—+355172
—-423003
—+490960
—+555623

—-615130
— 668682
‘716115
— 757642
793685

—-824764
-851431
—-87422

601

00699035
‘0155917
0291028
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Tasre 8 (coul.)
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— 15 —852003  —-852093  —-722111 —722111 — 605755 —-60HTHY —+H03898 —-H0O3886
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Taprr 8 (cont.)
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TABLE 8 (cont.)

log V2 n—s =0 1 2 3 4 5 6 7
s =4
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TABLE 8 (cont.)
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-100539
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10325323

0327315
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0374682
0396919
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76991


http://rsta.royalsocietypublishing.org/

A

/
/ﬁ\\
ya N

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

L2

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

606

Downloaded from rsta.royalsocietypublishing.org

M. S. LONGUET-HIGGINS

TABLE 9. VALUES OF (—¢) "} INTERPOLATED AT FIXED VALUES OF A WHEN § = 0, 1, 2

A

+

2990 9999 99909
ST WO

2o Co i St

o

OO
— DO Tt

e P
At Sa0d

DO

BO Ct

co0e 9999

o=l
o]
i

—-0-9
—-0-8
—-0-7
—0-6

—-05
—0-4
-0-3

—02

~0-1

v =0

-048718
094739
-13790
-17876

21945
-26085
-29867
-32747

-34496
-34933
-35055
-35072

03238
06272
109079
-1163

1390
1584
1728
-1786

-1667
-1425
1065
08185

09515
-1816
-2663
-3868

0

‘048718
094738
13781
17707

21068
-23751
-25763
27153

27968
-28169
-28225
-28233

03238
06272
-09079
-1162

-1385
1566
-1697
1756

-1658
1424
-1065
08185

09515
-18133
2577
3210

-3725
4197
-4845
7618

1

-024359
047366
068905
088852

10722
12455
14131
15569

16492
1672

16790
-16799

01947
03780
05488
‘07058

08471
09716
1076
1145

-1135
1039
08482
06895

-03239
06282
09121
1176

-1431
-1720
2112
2651

5207

1

024359
047366
068905
088836

10687
-12230
-13439
-14288

-14787
14911
14945
14950

01947
03780
05488
07058

08467
09675
-1061
1123

1122
-1037
08482
‘06895

03239
06282
09121
‘1174

1410
-1608
-1767
1914

-2309

2
s =10

016239
‘031577
045934
059219

‘071334
082312
092515
10172

10802
10964
-11009
11015

s =1

01391
02703
03928
05058

06079
06981
07753
‘08336

08483
08055
06965
-06906

01947
03782
-06497
07085

08543
09924
1142
1319

1575

2

016239
031577
045934
069218

‘071310
081951
090609
096832

-10052
10143
110169
10172

‘01391
02703
03928
05058

06079
‘06972
07696
08199

-08363
08019
-06963
05906

01947
03782
056497
07085

08533
09806
1085
-1165

1260

3

01218

023683
034450
‘044411

053483
061601
068887
075480

080247
08149

081840
081890

-01082
02103
03058
03939

04738
05444
-06049
06530

06737
‘06530
‘05864
‘05135

01391
02704
03932
05068

06104
07046
07953
08946

1009

3

(01218

023683
034450
‘044411

053481
061528
068240
073175

076126
076857
077061
077090

-01082
‘02103
‘03058
-03939

04738
05442
06025
06446

06636
06489
05862
05135

01391
02704
03932
05068

06104
07026
07799
08385

08886

4

009694
‘018946
027560
035528

042782
049249
054934
06000

‘063813
064829
‘065114
‘065155

008674
‘01721
02503
03225

03881
04461
04957
05359

06573
‘05470
05040
04522

01082
02104
03060
03944

04750
06473
06132
06803

07512

4

009694
‘018946
-027560
035528

1042782
1049232
054686
0568780

‘061252
‘061866
062037
1062062

008674
01721
02503
-03225

03881
04460
04947
056307

05491
05428
06037
(04522

-01082
102104
03060
03944

04750
05469
06080
06548

06896
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TABLE 9 (cont.)
A v =4 0 1 1 2 2 3 3 4 4
§ =2
0-9 02420  -02420  -01619  -01619  -01216  -01216  -009718 -009713 -00767  -00767
0-8 04668 04668 03137 03137 02360 02360 01890  -01890  -01576 01576
07 06728 06728 04544 -04544 03424 -03424 02745 02745 02290  -02290
06 -08574  -08HT: {05826 05826 -04400 04400  -03532 03532  -02948  -02948
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= —04 2799 2270 1224 <1196 -0814L 08099 06118 06110 -04902 04900
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TABLE 10. LIMITING VALUES OF ¢ AS A — 0 WHEN § -== O AND £ < 0

m (—e)4 (—€)s €
I 350779 2-85079 — 812700
9 282358 3-54160 —12:5429
3 168025 595150 — 354204
4 149517 6-68820 —44-7320
5 110174 907655 —82-3838
4 6 101735 082045 —96-6181
T 7 0819064 12-2091 —149-061
-~ 8 0771000 12:9702 —168-225
2’ 9 0652 153 —235
= >~ 10 0621 16-1 —260
o 1 054 18 —340
= = 12 051 19 —~370
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